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Dedicated with great pleasure to Vladimir A. Marchenko on the occasion of his 80th birthday. 

Abstract. We characterize the spectrum of one-dimensional Schrodinger op- 
erators H = —d^/dx^ -I- y in L-^{M.;dx) with quasi-periodic complex- valued 
algebro-geometric potentials V (i.e., potentials V which satisfy one (and hence 
infinitely many) equation(s) of the stationary Korteweg— de Vries (KdV) hier- 
archy) associated with nonsingular hyperelliptic curves. The corresponding 
problem appears to have been open since the mid-seventies. The spectrum 
of H coincides with the conditional stability set of H and can explicitly be 
described in terms of the mean value of the inverse of the diagonal Green's 
function of H. 

As a result, the spectrum of H consists of finitely many simple analytic 
arcs and one semi-infinite simple analytic arc in the complex plane. Crossings 
as well as confluences of spectral arcs are possible and discussed as well. These 
results extend to the L*'(R; iia::)-setting for p G [1, oo). 



1. Introduction 

It is well-known since the work of Novikov [51], Marchenko [44], [45], Dubrovin 
[16], Dubrovin, Matveev, and Novikov [17], Flaschka [23], Its and Matveev [33], Lax 
[41], McKean and van Moerbeke [48] (see also [7, Sects. 3.4, 3.5], [26, p. 111-112, 
App. J], [46, Sect. 4.4], [52, Sects. II.6-II.10] and the references therein) that the 
self-adjoint Schrodinger operator 

H^-— + V, dom(i/) =ij2.2(K) (1.1) 

in L2(R; dx) with a real- valued periodic, or more generally, quasi-periodic and real- 
valued potential V, that satisfies one (and hence infinitely many) equation(s) of the 
stationary Korteweg-de Vries (KdV) equations, leads to a finite-gap, or perhaps 
more appropriately, to a finite-band spectrum (j{H) of the form 

n-l 

<^iH) - IJ [E2m,E2m+l] U [E2n,^). (1.2) 

m=0 

It is also well-known, due to work of Serov [57] and Rofe-Beketov [55] in 1960 and 
1963, respectively (see also [60]), that if V is periodic and complex-valued then the 
spectrum of the non-self-adjoint Schrodinger operator H defined as in (1.1) consists 
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either of infinitely many simple analytic arcs, or else, of a finite number of simple 
analytic arcs and one semi-infinite simple analytic arc tending to infinity. It seems 
plausible that the latter case is again connected with (complex-valued) stationary 
solutions of equations of the KdV hierarchy, but to the best of our knowledge, this 
has not been studied in the literature. In particular, the next scenario in line, the 
determination of the spectrum of H in the case of quasi-periodic and complex-valued 
solutions of the stationary KdV equation apparently has never been clarified. The 
latter problem is open since the mid-seventies and it is the purpose of this paper 
to provide a comprehensive solution of it. 

To describe our results, a bit of preparation is needed. Let 

G{z,x,x') = {H - z)-'^{x,x'), z eC\c7{H), x,x' eM., (1.3) 

be the Green's function of H (here a{H) denotes the spectrum of H) and denote 
by g{z, x) the corresponding diagonal Green's function of H defined by 

g{z,x) = G{z,x,x) = ' (1-4) 

2n 

R2n+l{z) - n - ^™)' {^™}"I^0 C C, (1.5) 
m— 

Em 7^ Em' for m ^ m', m,m' = 0,1, ... , 2n. (1.6) 

For any quasi-periodic (in fact, Bohr (uniformly) almost periodic) function / the 
mean value (/) of / is defined by 

if) = lim ^ dx fix). (1.7) 

R 



R^oo 2R 

Moreover, we introduce the set E by 

S = {A GC|Re((5(A, •)"!)) =0} (1.8) 

and note that 

i n?-i (z — XA 

for some constants C C. 

Finally, we denote by <7p{T), ai{T), ac{T), ae{T), and aa.p{T), the point spectrum 
(i.e., the set of eigenvalues), the residual spectrum, the continuous spectrum, the 
essential spectrum (cf. (4.15)), and the approximate point spectrum of a densely 
defined closed operator T in a complex Hilbert space, respectively. 

Our principal new results, to be proved in Section 4, then read as follows: 

Theorem 1.1. Assume that V is a quasi-periodic (complex-valued) solution of the 
nth stationary KdV equation associated with the hyperelliptic curve = R2n-\-i{z) 
subject to (1.5) and (1.6). Then the following assertions hold: 
(i) The point spectrum and residual spectrum of H are empty and hence the spec- 
trum of H is purely continuous, 

ap{H) = ar{H) = 0, (1.10) 
a{H) = a,{H) = a,{H) = a^p{H). (1.11) 



THE SPECTRUM OF QUASI-PERIODIC ALGEBRO-GEOMETRIC KDV POTENTIALS 3 



(m) The spectrum of H coincides with E and equals the conditional stability set of 
H, 

a{H) = {A e C I Re((ff(A, •)-')) = 0} (1.12) 
= {A e C I there exists at least one bounded distributional solution 

7^ V e L°°(M; dx) of Hip = Xip}. (1.13) 

{Hi) a{H) is contained in the semi-strip 

a{H) c G C I Im(^) e [Ml, Ma], Re(^) > M3}, (1.14) 

where 

Ml = inf [Im(y(a;))], M2 = sup[Im(y(a;))], M3 = inf [Re(y(a;))]. (1.15) 

xeR a;gR xeM 

(iv) <t{H) consists of finitely many simple analytic arcs and one simple semi-infinite 

arc. These analytic arcs may only end at the points Ai, . . . , A„, Eq, . . . , E2n, o,nd at 
infinity. The semi-infinite arc, a^, asymptotically approaches the half-line Lfy^ = 
{z € C \ z = (V) + x, a; > 0} in the following sense: asymptotically, can be 
parameterized by 

aoo = {z & C\z = R + i Im((F)) + 0{R-'^''^) as R'\ 00]. (1.16) 

{v) Each Em, m = 0, . . . , 2n, is met by at least one of these arcs. More precisely, 
a particular Emg is hit by precisely 2Nq + 1 analytic arcs, where Nq G {0, . . . ,n} 
denotes the number of Xj that coincide with E„io ■ Adjacent arcs meet at an angle 
2tt/{2Nq -\- 1) at Em„. {Thus, generically, Nq = and precisely one arc hits E^o-) 
{vi) Crossings of spectral arcs are permitted and take place precisely when 

Re((5(A,o, •)"')) = for some jo e {1, . . . , n} with Xj, i {^m}^"=o- (1-17) 

In this case 2Mo + 2 analytic arcs are converging toward Xj^, where Mq 6 {1, . . . , n} 
denotes the number of Xj that coincide with Xj„ . Adjacent arcs meet at an angle 
7r/(Mo + l) at Xjg. {Thus, generically, Mq = 1 and two arcs cross at a right angle.) 
{vii) The resolvent set C\a{H) of H is path-connected. 

Naturally, Theorem 1.1 applies to the special case where F is a periodic (complex- 
valued) solution of the r?.th stationary KdV equation associated with a nonsingular 
hyperelliptic curve. Even in this special case, items (v) and (vi) of Theorem 1.1 
provide additional new details on the nature of the spectrum of H. 

As described in Remark 4.10, these results extend to the L^(M; rfa;)-setting for 
P G [1,00). 

Theorem 1.1 focuses on stationary quasi-periodic solutions of the KdV hierarchy 

for the following reasons. First of all. the class of algcbro-gcomctric solutions of 
the (time-dependent) KdV hierarchy is defined as the class of all solutions of some 
(and hence infinitely many) equations of the stationary KdV hierarchy. Secondly, 
time-dependent algebro-geometric sohitions of a particular equation of the (time- 
dependent) KdV hierarchy just represent isospectral deformations (the deformation 
parameter being the time variable) of a fixed stationary algebro-geometric KdV 
solution (the latter can be viewed as the initial condition at a fixed time to)- In the 
present case of quasi-periodic algebro-geometric solutions of the nth KdV equation, 
the isospectral manifold of such a given solution is a complex n-dimensional torus. 
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and time-dependent solutions trace out a path in that isospcctral torus (cf. the 
discussion in [26, p. 12]). 

Finally, we give a brief discussion of the contents of each section. In Section 2 
we provide the necessary background material including a quick construction of the 
KdV hierarchy of nonlinear evolution equations and its Lax pairs using a polynomial 
recursion formalism. We also discuss the hyperelliptic Riemann surface underlying 
the stationary KdV hierarchy, the corresponding Baker- Akhiezer function, and 
the necessary ingredients to describe the Its-Matveev formula for stationary KdV 
solutions. Section 3 focuses on the diagonal Green's function of the Schrodinger 
operator H, a key ingredient in our characterization of the spectrum (j{H) of H 
in Section 4 (cf. (1.12)). Our principal Section 4 is then devoted to a proof of 
Theorem 1.1. Appendix A provides the necessary summary of tools needed from 
elementary algebraic geometry (most notably the theory of compact (hyperelliptic) 
Riemann surfaces) and sets the stage for some of the notation used in Sections 
2-4. Appendix B provides additional insight into one ingredient of the Its-Matveev 
formula; Appendix C illustrates our results in the special periodic non-self-adjoint 
case and provides a simple yet nontrivial example in the elliptic genus one case. 

Our methods extend to the case of algebro-geometric non-self-adjoint second 
order finite difference ( Jacobi) operators associated with the Toda lattice hierarchy. 
Moreover, they extend to the infinite genus limit n — >■ oo (cf. (1.2)-(1.5)) using the 
approach in [25]. This will be studied elsewhere. 

Dedication. It is with great pleasure that we dedicate this paper to Vladimir 
A. Marchenko on the occasion of his 80th birthday. His strong influence on the 
subject at hand is universally admired. 

2. The KdV hierarchy, hyperelliptic curves, 

AND the ITS-MATVEEV FORMULA 

In this section we briefly review the recursive construction of the KdV hierarchy 
and associated Lax pairs following [27] and especially, [26, Ch. 1]. Moreover, we 
discuss the class of algebro-geometric solutions of the KdV hierarchy corresponding 
to the underlying hyperelliptic curve and recall the Its Matvccv formula for such 
solutions. The material in this preparatory section is known and detailed accounts 
with proofs can be found, for instance, in [26, Ch. 1]. For the notation employed 
in connection with elementary concepts in algebraic geometry (more precisely, the 
theory of compact Riemann surfaces), we refer to Appendix A. 

Throughout this section we suppose the hypothesis 

V e C°°(M) (2.1) 
and consider the one- dimensional Schrodinger differential expression 

t = --g, + F. (2,2) 

To construct the KdV hierarchy we need a second differential expression P2n+i of 
order 2n -|- 1, n G No, defined recursively in the following. We take the quickest 
route to the construction of P2n+i. and hence to that of the KdV hierarchy, by 
starting from the recursion relation (2.3) below. 
Define {f(}emo recursively by 

/o = l, fi,x = -{l/^)fi-i,xxx + Vft-i,^ + {l/2)V^ft-u ien. (2.3) 
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Explicitly, one finds 

/o = l, 

fi = lV + ci, 

f2 = -lV,. + IV^ + ci^V + C2, (2.4) 

£ _1_T/ _^T/T/ -^T/"^ J ^T/*^ 

j3 ~ 32 ''xxxx ig y vxx 32 16 

+ ci(-iV;x + i^^)+C25V^ + C3, etc. 

Here {c/s}fe£N C C denote integration constants which naturally arise when solving 
(2.3). 

Subsequently, it will be convenient to also introduce the corresponding homoge- 
neous coefficients fn, defined by the vanishing of the integration constants Cfc for 

/o = /o = l, /. = /4^^o,,^,_,, ^eN. (2.5) 

Hence, 

i 

fe = Y,ce-Jk, i€No, (2.6) 

introducing 

Co = 1. (2.7) 

One can prove inductively that all homogeneous elements fg (and hence all fi) 
are differential polynomials in V, that is, polynomials with respect to V and its 

x-dcrivativcs up to order 2^ — 2, ^ G N. 

Next we define differential expressions P2n+i of order 2n + 1 by 

P2n+i=Y.{f^-^di-2^n-t,x)L\ neNo. (2.8) 

Using the recursion (2.3), the commutator of P2n+i and L can be explicitly com- 
puted and one obtains 

[P2n+uL] = 2fn+l,x, n € Nq. (2.9) 

In particular, (L, P2„+i) represents the celebrated Lax pair of the KdV hierarchy. 
Varying n e No, the stationary KdV hierarchy is then defined in terms of the 
vanishing of the commutator of P2n+i and L in (2.9) by^, 

-[P2„+i,i] = -2/„+i,x(l^) = s-KdV„(y)=0, neNo. (2.10) 

Explicitly, 

s-KdVo(y) = -V^ = 0, 

s-KdVi(y) = iy,,, - + ci(-i4) = o, (2.11) 
s-KdV2(y) = -^v;.... + iv^xx + ^^xVxx - f 

+ ci {^^xxx - IVVx) + C2{-V^) = 0, etc., 

represent the first few equations of the stationary KdV hierarchy. By definition, 
the set of solutions of (2.10), with n ranging in Nq and in C, fc G N, represents 



^In a slight abuse of notation we will occasionally stress the functional dependence of on V , 
writing f(.{V). 
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the class of algebro-geometric KdV solutions. At times it will be convenient to 
abbreviate algebro-geometric stationary KdV solutions V simply as KdV potentials. 

In the following we will frequently assume that V satisfies the nth stationary KdV 
equation. By this we mean it satisfies one of the nth stationary KdV equations after 
a particular choice of integration constants Cfe e C, k = 1, . . . , n, n € N, has been 
made. 

Next, we introduce a polynomial F„ of degree n with respect to the spectral 
parameter 2; G C by 

n 

Fn{z,x) = J2fn-e{x)z^- (2-12) 

Explicitly, one obtains 

Fo = 1, 

F2=Z'' + \VZ - + + ci(iy + Z)+ C2, (2.13) 

F3 = + IVz"" + ( - \V^^ + lV^)z+ 3^14,,, - ^VV^^ - ^Vl 

+ ^ ^^(^2 ^ X^y^ _ 1 ^ 3y2^ + C2(X + \V) + C3, CtC. 

The recursion relation (2.3) and equation (2.10) imply that 

- 4(y - z)F^^,, - 2y,F„ = 0. (2.14) 
Multiplying (2.14) by a subsequent integration with respect to x results in 

(1/2)F„,,,F„ - (1/4)F2^. -{V- z)Fl = i?2„+i, (2.15) 

where Rm+i is a monic polynomial of degree 2n + 1. We denote its roots by 
{£'to}to=0' hence write 

Rin+A^) = n - ^™)' {^™}-=o C C. (2.16) 

m=0 

One can show that equation (2.15) leads to an explicit determination of the inte- 
gration constants Ci , . . . , c„ in 

s-KdV„(y) = -2/„+i,,(y) = (2.17) 

in terms of the zeros Eq^ . . . , E-^n of the associated polynomial Rin+\ in (2.16). In 
fact, one can prove 

Cfc=cfe(^), /c=l,...,n, (2.18) 

where 

cdE^-- V (2jo)!---(2j2n)! E^°---E^'" 

Ck[m - 2^ 22'=(jo!)2 . . . (j2„!)2(2io -!)••• (2i2n - 1) ° ' 



jo,...,i2n=0 
joH |-j2n = fc 



A;=l,...,n. (2.19) 



Remark 2.1. Suppose F G C^"''"^(R) satisfies the nth stationary KdV equation 
s-KdV„(y) = —2fn+i^x{y) = for a given set of integration constants c^, k = 
l,...,n. Introducing F„ as in (2.12) with fo,---,fn given by (2.6) then yields 
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equation (2.14) and hence (2.15). The latter equation in turn, as shown inductively 
in [29, Prop. 2.1], yields 

V G C°°(M) and ft e C°°(R), f = 0, . . . ,n. (2.20) 

Thus, without loss of generality, we may assume in the following that solutions of 
s-KdV„(y) = satisfy V G C°°(R). 

Next, wc study the restriction of the; diffca'cntial expression P2n+i to the two- 
dimensional kernel (i.e., the formal null space in an algebraic sense as opposed to 
the functional analytic one) of [L — z). More precisely, let 

ker(L - 2:) = {V- : M ^ Coo meromorphic \ {L - z)il) = 0} , z&C. (2.21) 

Then (2.8) implies 

We emphasize that the result (2.22) is valid independently of whether or not P^n+i 
and L commute. However, if one makes the additional assumption that P^n+i and 
L commute, one can prove that this implies an algebraic relationship between P2n+i 
and L. 

Theorem 2.2. Fix n e No and assume that P2n+i and L commute, [P^n+i^L] = 0, 
or equivalently, suppose s-KdV„(y) = —2fn+i^x{V) = 0- Then L and P2n+i satisfy 
an algebraic relationship of the type {cf. (2.16)) 

^n{L, —iP2n+l) = — -Ffn+l — R2n+l{L) = 0, 

^ (2.23) 

R2n+l{z) = lliz- Em), Z eC. 
m=0 

The expression J-n{L, —iP2n+\) is called the Burchnall-Chaundy polynomial of 
the pair (L,P2n+i)- Equation (2.23) naturally leads to the hyperelliptic curve /C„ 
of (arithmetic) genus n e No (possibly with a singular afBne part), where 

ICn-. Tn{z,y) = - R2n+l{z) = 0, 

i!L , (2.24) 

R2n+l{z) = n - ^™)' {^™}m=0 C C. 
m=0 

The curve /C„ is compactified by joining the point Poo but for notational simplicity 

the compactification is also denoted by /C„. Points P on /C„\{Poo} are repre- 
sented as pairs P = {z, y), where y{-) is the meromorphic function on /C„ satisfying 
J^n{z,y) = 0. The complex structure on /C„ is then defined in the usual way, 
see Appendix A. Hence, /C„ becomes a two-sheeted hyperelliptic Riemann surface 
of (arithmetic) genus n G No (possibly with a singular afHne part) in a standard 
manner. 

We also emphasize that by fixing the curve /C„ (i-c., by fixing Eq, . . . , E2n), the 
integration constants ci, . . . , c„ in fn+i,x (and hence in the corresponding stationary 
KdV„ equation) are uniquely determined as is clear from (2.18) and (2.19), which 
establish the integration constants Ck as symmetric hmctions oi Eq, . . . , E2n ■ 

For notational simplicity we will usually tacitly assume that n G N. The trivial 
case n = which leads to V{x) = Eq is of no interest to us in this paper. 
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In the following, the zeros^ of the polynomial Fn{-,x) (cf. (2.12)) will play a 
special role. We denote them by {/ij(a;)}JLi and hence write 

n 

Fr,{z,x) = l[[z-^iJ{x)]. (2.25) 

Prom (2.15) we see that 

R2n+1 + (1/4)F„% = FnHn+l , (2.26) 

where 

Hn+i{z,x) = {l/2)FnMz,x) + {z - V{x))Fn{z,x) (2.27) 
is a monic polynomial of degree n + 1. We introduce the corresponding roots^ 
{Mx)}e=o of Hn+i{-,x) by 

n 

Hn+i{z,x) = l[[z-,ye{x)]. (2.28) 

Explicitly, one computes from (2.4) and (2.12), 

Hi = z-V, 

H2 = z^- \Vz + - + ci(z - V), (2.29) 

Hi = z''- \Vz'' + \{y^, - V^)z - j^T4,,, + §142 + IvV^., 

- + ci(z2 - \Vz + iV;, - \V^) +C2{z- V), etc. 

The next step is crucial; it permits us to "lift" the zeros and of F„ and 
from C to the curve /C„. Prom (2.26) one infers 

R2n+l{z) + (1/4)F„,^(^)2 = 0, ze {/ij,f«}j=l,...,n,«=0,...,n. (2.30) 

We now introduce {/ij(a;)}j=i,...,n C /C„ and {i'e{x)}(,=o^,„^n C /C„ by 

/ij(a;) = (/ij(a;),-(i/2)-Fn,x(Mj(a;),a;)), j = 1, . . . , n, a; e R (2.31) 

and 

i>^(a;) = (!^^(a;),(V2)F„,,(i.^(x),a;)), £ = 0, . . . , n, a; G M. (2.32) 

Due to the C°°(R) assumption (2.1) on V, Fn{z, •) G C°°(M) by (2.3) and (2.12), 
and hence also Hn+i{z, •) e C°°(M) by (2.27). Thus, one concludes 

fij,UiGC{R), j = l,...,n, e = 0,...,n, (2.33) 

taking multiplicities (and appropriate renumbering) of the zeros of _F„ and .ffn+i 
into account. (Away from collisions of zeros, /Xj and i^i are of course C°°.) 
Next, we define the fundamental meromorphic function <^(-,a;) on /C„, 

4iP,.> = 'l±m^^ (2.34, 
- (2.35) 



iy-{l/2)Fr,,^{z,x)' 
P={z,y)e]Cn, xeR 



^If y € L°°(R;c(2;), these zeros (generically) are the Dirichlet eigenvalues of a closed operator 
in (M) associated with the differential expression L and a Dirichlet boundary condition at x G R. 

hf V e L°°(R; dx), these roots (generically) are the Neumann eigenvalues of a closed operator 
in (R) associated with L and a Neumann boundary condition at a; £ R. 
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with divisor {(j){-,x)) of 4>{-,x) given by 

((/)(•, x)) = I?,>„(a,)i>(.T) - T^p^^ix), (2.36) 

using (2.25), (2.28), and (2.33). Here we abbreviated 

/£ = {/ti, . . . , fin}, v = {vi,..., Vn} £ Sym"(/C„) (2.37) 

(of. the notation introduced in Appendix A). The stationary Baker- Akhiezer func- 
tion il){-,x,Xo) on /C„\{Poo} is then defined in terms of <!){■, x) by 



ij{P,x,xo)=exp(^J^ dx' 4>{P,x')^, PeJCn\{P„ 



},{x,xo)eR^. (2.38) 



Basic properties of (/) and ijj are summarized in the following result (where W{ f, g) = 
fg' — f'g denotes the Wronskian of / and g, and P* abbreviates P* = {z, —y) for 

P = {z,y)). 

Lemma 2.3. Assume V G C°°(R) satisfies the nth stationary KdV equation (2.10). 
Moreover, let P = {z, y) S /C„\{Ptx>} o-nd {x, xq) € R^. Then (j) satisfies the Riccati- 
type equation 

cj),{P)+4>{Pf = V -z, (2.39) 

as well as 

m^{P*) = (2.40) 
0(P)+0(P*) = :^, (2.41) 
0(P)-0(P*) = -^. (2.42) 

Moreover, ip satisfies 

{L - z{P))^{P) = 0, (P2„+i - iyiP)MP) = 0, (2.43) 

i,{P,x,xo) = [-^^^) ' exp (^iyjyx'Fn{z,x')-'y (2-44) 

V>(P,x,xo)V(P*,x,xo)= (2.45) 

V.(P,a;,a;o)Vx(P*,a;,xo) = %±i^, (2.46) 

^(P, :e, xo)MP*,x, a;o) + ^(P*, xo)Vx(P, x, xq) = ^^A^, (2.47) 

rnyZ, Xq) 

W{i,{P,;Xo),i^{P*,;Xo)) = -ttI^- (2.48) 

^n^Z, Xq) 

In addition, as long as the zeros of Fn{-,x) are all simple for x € Cl, Cl C R an 
open interval, tp{-,x,xo) is meromorphic on JCn\{Poo} for x,xo G 

Combining the polynomial recursion approach with (2.25) readily yields trace 
formulas for the KdV invariants, that is, expressions of fi in terms of symmetric 
functions of the zeros fxj of P„. 
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Lemma 2.4. Assume V G C°"(M) satisfies the nth stationary KdV equation (2.10). 
Then, 

2n n 

V =Y,Em-2Y,N, (2-49) 

m=0 j=l 

2n n 

y2 _ (1/2)V;, = Y,El - 2^/z|, etc. (2.50) 

m=0 j=l 

Equation (2.49) represents the trace formula for the algebro-geometric potential 
V. In addition, (2.50) indicates that higher-order trace formulas associated with 
the KdV hierarchy can be obtained from (2.25) comparing powers of z. We omit 
further details and refer to [26, Ch. 1] and [27]. 

From this point on we assume that the affine part of /C„ is nonsingular, that is, 

E„i / Em' for m ^ m! , m, m' = 0, 1, . . . , 2n. (2-51) 

Since nonspecial divisors play a fundamental role in this context we also recall 
the following fact. 

Lemma 2.5. Suppose that the affine part of ICn is nonsingular and assume that 

V € C°°{R) nL°°(K;da;) satisfies the nth stationary KdV equation (2.10). Let 
T^[i! A = (Ai) • • • ) An) be the Dirichlet divisor of degree n associated with V defined 
according to (2.31), that is, 

iij{x) = {iJ.j{x),-{i/2)Fr,^^{nj{x),x)), j = l,...,n, xgR. (2.52) 

Then is nonspecial for all x G R. Moreover, there exists a constant C > 

such that 

\l^j{x)\<C\ j = l,...,n, a; gR. (2.53) 

Remark 2.6. Assume that V e C°°(R) nL°°{R;dx) satisfies the nth stationary 
KdV equation (2.10). We recall that fe € C°°(E), £ S Nq, by (2.20) since fe are 
differential polynomials in V. Moreover, we note that (2.53) implies that fi S 
L°°{R; dx), £ = 0, . . . , n, employing the fact that fe, £ = 0, . . . ,n, are elementary 
symmetric functions of /ii, . . . (cf. (2.12) and (2.25)). S ince fn+i^x — 0, one can 
use the recursion relation (2.3) to reduce /fe for A; > n + 2 to a linear combination 
of/i,...,/„. Thus, 

fe G C°°(M) n i°°(R; dx), £ e Nq. (2.54) 
Using the fact that for fixed 1 < p < oo, 

h, h^''^ e LP{R; dx) imply /i^^' e LP{R; dx), £=l,...,k-l (2.55) 
(cf., e.g., [6, p. 168-170]), one then infers 

e L°°{R; dx), £ G No, (2.56) 

applying (2.55) with p = oo. 

We continue with the thcta function representation for and V. For general 
background information and the notation employed we refer to Appendix A. 

Let 6 denote the Riemann theta function associated with /C„ (whose affine part 
is assumed to be nonsingular) and a fixed homology basis {aj, on /C„. Next, 

choosing a base point Qo G ^n\-Poo) the Abel maps Aq^ and cxq^ are defined by 
(A. 41) and (A. 42), and the Riemann vector Sg^ is given by (A. 54). 



THE SPECTRUM OF QUASI-PERIODIC ALGEBRO-GEOMETRIC KDV POTENTIALS 11 

(2) 

Next, let ujp^ q denote the normalized differential of the second kind defined by 
1 " 

'^pio = - ^i)^^ ,=0 (-^"^ + ^(1))^*^ ^'^^ (2.57) 

C = a/zi/2, ae{l,-l}, 

where the constants Xj € <C, j = 1, . . . ,n, are determined by employing the nor- 
malization 

^pio = 0' j = l,...,n. (2.58) 
One then infers 



/ 



pP 

/ '^S.o = -r'+e[,'^(Oo)+0(C) asP^Poo (2.59) 
for some constant (Qo) G C. The vector of 6-periods of cjp^ ^/{2'Ki) is denoted 

by 

C/[,^) = (<\...,C/(5), Ug^ = ^.j^ JZ,o^j = l,...,n. (2.60) 
By (A. 26) one concludes 

Ug] = -2cj{n), j = l,...,n. (2.61) 

In the following it will be convenient to introduce the abbreviation 

z{P,Q) = Eq^ - Aq^{P) + aQ^{VQ), PGlCn, Q = {Qi,...,Qn}G Sym"(/C„). 

(2.62) 

Wc note that z(-, Q) is independent of the choice of base point Qo- 

Theorem 2.7. Suppose that V € C°°(M) n L°°(R;dx) satisfies the nth stationary 
KdV equation (2.10) on R. In addition, assume the affine part offCn to be nonsin- 
gular and let P G /C„\{Poo} and x,xq G M. Then 'E'/i(x) o,nd 'Dp(x) o-re nonspecial 
for X gR. Moreover,'^ 

eiz{Poo,Kxo)mziP,fiix))) 



tp{P,X,Xo) = 



0iz{P^,fi{x)))e{z{P,fiixo))) 



X exp 



i{x — xq 



\JQo 



(2.63) 



with the linearizing property of the Abel map, 

^Qo(%x)) = («Qo(%xo)) + iUi^\x - xo)) (mod i„). (2.64) 
The Its-Matveev formula for V reads 

n 

V{x) =Eo+ Y,{E2,-i + E2, - 2Xj) - 2dl In (0(Sq^ - Aq„ [P^) + a^^ (2?^(,)))) . 

(2.65) 



^To avoid multi-valued expressions in formulas such as (2.63), etc., we agree to always choose 
the same path of integration connecting Qo and P and refer to Remark A.4 for additional tacitly 
assumed conventions. 
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Combining (2.64) and (2.65) shows the remarkable hnearity of the theta function 
with respect to x in the Its-Matveev formula for V. In fact, one can rewrite (2.65) 
as 

V{x) = Ao - 2dl lii{0{A + Bx)), (2.66) 

where 

A = Eq,- Aq,{Poo) - iUl^^xo + aQ,(%xo)), (2.67) 
B = iU^\ (2.68) 

n 

Ao = Eo + X^(i^2i-i + E2j - 2Xj). (2.69) 

Hence the constants Aq € C and B G C" arc uniquely determined by /C„ (and its 
homology basis), and the constant A G C" is in one-to-one correspondence with 
the Dirichlet data /x(a;o) = {fii{xo), . . . ,/t„(a;o)) € Sym"(A;;„) at the point xq. 

Remark 2.8. If one assumes V in (2.65) (or (2.66)) to be quasi-periodic (cf. (3.16) 
and (3.17)), then there exists a homology basis {aj,bj}j'^i on /C„ such that B = 

~(2) 

iUjQ satisfies the constraint 

B = iU^^ G M". (2.70) 
This is studied in detail in Appendix B. 

An example illustrating some of the general results of this section is provided in 
Appendix C. 

3. The diagonal Green's function of H 

In this section we focus on the diagonal Green's function of H and derive a 
variety of results to be used in our principal Section 4. 
We start with some preparations. We denote by 

W{f,g)ix) = f{x)g,{x) - Ux)g{x) for a.e. xgR (3.1) 

the Wronskian of f,g G AC\oc{^) (with AC\oc{^) the set of locally absolutely 
continuous functions on R). 

Lemma 3.1. Assume^ q G ^[^^.(IR), define t = —cP/dx'^ + q, and letuj{z), j = 1,2 
be two {not necessarily distinct) distributional solutions^ ofru = zu for some z G C. 
Define U{z,x) = Ui{z,x)u2{z,x), {z,x) gC xM.. Then, 

2U^^U -Ul- 4(9 - z)U^ = -W{uu U2f. (3.2) 

// in addition Qx G ijQp(K), then 

Uxxx - 4(9 - z)Ux - 2qxU = 0. (3.3) 

Proof. Equation (3.3) is a well-known fact going back to at least AppcU [2]. Equa- 
tion (3.2) either follows upon integration using the integrating factor U, or alterna- 
tively, can be verified directly from the definition of U. We omit the straightforward 
computations. □ 



'^One could admit more severe local singularities; in particulcir, one could assume q to be 
meromorphic, but we will not need this in this paper. 
^That is, u,Uj: e ACiocW- 
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Introducing 

q{z,x) =ui{z,x)u2iz,x)/W{ui{z),U2{z)), z G C, X € R, (3.4) 
Lemma 3.1 implies the following result. 

Lemma 3.2. Assume that q e L^^ci^) and {z,x) e C x R. Then, 

2flxx0-0'-%-^)fl2 = -l, (3.5) 

- (fl-i)^ = 2q + {g[ui^W{uuui,,) + U2^Wiu2,U2,.)] (3.6) 

- {0~^), = ^0-Qxxz+[0~^QxQz]^ (3.7) 

= 20 - { [(0-^)(0-^).. - (0-^) J0-^) J/(0-^)}^. (3.8) 

If in addition Qx € Lj^j^^(IR), then 

Qxxx - 4(9 - z)Qx - 29x0 = 0. (3.9) 

Proof. Equations (3.9) and (3.5) are clear from (3.3) and (3.2). Equation (3.6) 
follows from 

(0"')z = W^'l^(«2, «2,z) - U^^W{UI,UI,,) (3.10) 

and 

W{uj,Uj,,)x = -u1, i = l,2. (3.11) 

Finally, (3.8) (and hence (3.7)) follows from (3.4), (3.5), and (3.6) by a straightfor- 
ward, though tedious, computation. □ 

Equation (3.7) is known and can be found, for instance, in [24]. Similarly, (3.6) can 
be inferred, for example, from the results in [12, p. 369] . 

Next, we turn to the analog of in connection with the algebro-geometric po- 
tential V in (2.65). Introducing 

(u \ ■4^{P,x,Xo)ip{P*,x,Xo) u^vMu 1 ^Qio\ 

g{P,x) = —f— , , rr, P &K:„\{Poo}, X,XoeR, (3.12) 

W{lp{P,-,Xo),i}{P*,-,Xo)) 

equations (2.45) and (2.48) imply 

Together with g{P,x) we also introduce its two branches g±{z,x) defined on the 
upper and lower sheets II-i- of /C„ (cf. (A. 3), (A. 4), and (A. 14)) 

g±(z, x) = ^ z e n, a; e M (3.14) 

2R2n+l{z)^'^ 

with n = C\C the cut plane introduced in (A. 4). A comparison of (3.4), (3.12)- 
(3.14), then shows that g±{z, ■) satisfy (3.5)-(3.9). 

For convenience we will subsequently focus on 51+ whenever possible and then 
use the simplified notation 

g{z,x) = g+{z,x), zeU,xeM.. (3.15) 

Next, we assume that V is quasi-periodic and compute the mean value ofg{z, ■)~^ 
using (3.7). Before embarking on this task we briefly review a few properties of 
quasi-periodic functions. 

We denote by CP(M) and QP{R), the sets of continuous periodic and quasi- 
periodic functions on R, respectively. In particular, / is called quasi-periodic with 
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fundamental periods (fii, . . . , SI at) e (0, co) if the frequencies 27r/r2i, . . . , 2'k/Q.n 
arc linearly independent over Q and if there exists a continuous function F G 
C(R^), periodic of period 1 in each of its arguments 

F{xi, . . . ,Xj + 1, . . . ,xn) = F{xi,. . . ,xn), Xj gR, j = I, . . . ,N, (3.16) 

such that 

fix) = F{n^^x,...,n]:j^x), xgr. (3.17) 

The frequency module Mod (/) of / is then of the type 

Mod(/) = {27rmi/17i + ■ ■ ■ + 2TTmN/nN \mj e Z, j ^ 1, . . . , N}. (3.18) 

We note that / e CP{R) if and only if there are rj € Q\{0} such that i}j = rjfl 
for some f2 > 0, or equivalently, if and only if Qj = mjCl, ruj e Z\{0} for some 
ft > 0. f has the fundamental period f2 > if every period of / is an integer 
multiple of fl. 

For any quasi-periodic (in fact, Bohr (uniformly) almost periodic) function /, 
the mean value (/) of /, defined by 



1 



xo+R 



exists and is independent of .To G M. Moreover, we recall the following facts (also 
valid for Bohr (uniformly) almost periodic functions on M), see, for instance, [8, 
Ch. I], [11, Sects. 39-92], [15, Ch. I], [22, Chs. 1,3,6], [34], [43, Chs. 1,2,6], and [56]. 

Theorem 3.3. Assume f,gG QP{R) andxo,x e R. Then the following assertions 
hold: 

(i) / is uniformly continuous on R and f G L^{R;dx). 

(u) 7, df, dec, /(■ + c), f{c-), c€R, I/I", a>0 are all in QP{R). 

(Hi) f + g,fgeQP{R). 

(iv) f/g e QPiR) if and only if M^QM[\g{s)\] > 0. 

(v) Let G he uniformly continuous on M. QR and f{s) € M. for all s € M. Then 
G(/) gQP(R). 

{vi) f e QP{R) if and only if f is uniformly continuous on R. 
(vii) Let if) = 0, then J^^ dx' f{x') ^^^^ o(|cc|). 

{viii) Let F{x) = dx' f{x'). Then F e QP{R) if and only if F e L°°{R; dx). 
(ix) IfO<fe QPiR), / ^ 0, then (/) > 0. 

ix) If f = I/I exp(i(/)), then \ f\ G QP{R) and is of the type (fix) = ex + tpix), 
where cgR and ip G QPiR) iand real-valued). 

ixi) If Fix) = exp ( /^^ dx' /(x')) , then F G QP(K) if and only if fix) = il3+tpix), 
where /? G R, V e QPiR), and * G L°°iR;dx), where *(a;) = J^^ dx'^iix'). 

For the rest of this section and the next it will be convenient to introduce the 
following hypothesis: 

Hypothesis 3.4. Assume the afhne part of K-n to be nonsingular. Moreover, 
suppose that V G C°°(R) n(5P(M) satisfies the nth stationary KdV equation (2.10) 
on R. 

Next, we note the following result. 
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Lemma 3.5. Assume Hypothesis 3.4- Then V^''\ k £ N, and fi, £ G N, and hence 
all X and z-derivatives of Fn{z, ■) , z E C, and g(z,-), z G Tl, are quasi-periodic. 
Moreover, taking limits to points on C, the last result extends to either side of the 
cuts in the set C\{i?m}m=o (c/- (A. 3)) by continuity with respect to z. 

Proof Since by hypothesis V G C°°(M)nL°°(]R; dx), s-KdV„(F) = implies V^''^ G 
L°°{R; dx), kGN and fe G C°°(M) n L°°(M; da;), ^ G No, applying Remark 2.6. In 
particular 1/^^) is uniformly continuous on K and hence quasi-periodic for all k E N. 
Since the are differential polynomials with respect to V, also fe, i & N are quasi- 
periodic. The corresponding assertion for Fn{z, ■) then follows from (2.12) and that 
for g{z, •) follows from (3.14). □ 

For future purposes we introduce the set 

He =n\ ({^ G C| 1^1 < C-h 1}U {z G C|Re(z) > min [Rc{Em)] - I, 

min [Im(£;„)] - 1 < Im(z) < max [lm{Em)] + 1}] , (3.20) 

m=0,...,2n m=0,...,2n J 

where C > is the constant in (2.53). Moreover, without loss of generality, we may 
assume He contains no cuts, that is, 

ncnC==0. (3.21) 

Lemma 3.6. Assume Hypothesis 3.4 and let z, zq G 11. Then 

{g{z, ■)-') = -2 r dz' {g{z', •)) + (5(^0, •)"'), (3-22) 

Jzo 

where the path connecting zq and z is assumed to lie in the cut plane H. Moreover, 
by taking limits to points on C in (3.22), the result (3.22) extends to either side of 
the cuts in the set C by continuity with respect to z. 

Proof. Let z, Zq G lie. Integrating equation (3.7) from zq to z along a smooth path 
in He yields 

g{z, x)~^ - g{zo, a;)"^ = ~^ / 9{z' , x) + [gxx{z, x) - g^xizo, x)] 

dz' [g{z' ,x)~^ gx{z' ,x)g:,{z' ,x)\^ 
-2 / dz' g{z' ,x) + gxx{z,x) - gxx{zQ,x) 

J Zn 

dz' g{z' ,x)~^gx{z' ,x)gz{z' ,x) . 



I 

J Zn 



(3.23) 



By Lemma 3.5 g{z, •) and all its ^-derivatives are quasi-periodic, 

{9xx{z,-))=Q, z&n. (3.24) 

Since we actually assumed z G He, also g{z, ■)~^ is quasi-periodic. Consequently, 
also 

/ dz' g{z',-)-^gx{z',-)g,{z',-), z eUc, (3.25) 

J Zo 
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is a family of uniformly almost periodic functions for z varying in compact subsets 
of He as discussed in [22, Sect. 2.7] and one obtains 

dz' g{z',-)-^g^{z\-)g,{z\-) \ = 0. (3.26) 

'2:0 \ xl 

Hence, taking mean values in (3.23) (taking into account (3.24) and (3.26)), proves 
(3.22) for z e He. Since ft, I G No, are quasi-periodic by Lemma 3.5 (we recall 
that /o = 1), (2.12) and (3.13) yield 

/ dz' {g{z', .)) = - ^{fn-i) / dz' ^ (3.27) 

Thus, dz' {g{z' , ■)) has an analytic continuation with respect to z to all of 11 and 
consequently, (3.22) for z £ He extends by analytic continuation to e 11. By 
continuity this extends to either side of the cuts in C. Interchanging the role of z 
and zo, analytic continuation with respect to zq then yields (3.22) for z, S 11. □ 

Remark 3.7. For z G He, g{z, ■)^^ is quasi-periodic and hence {g{z, ■)^^) is well- 
defined. If one analytically continues g{z,x) with respect to z, g{z,x) will acquire 
zeros for some a; e K and hence g{z, •)^^ ^ QP{M.). Nevertheless, as shown by 
the right-hand side of (3.22), (5(2, O"^) admits an analytic continuation in z from 
XIc to all of n, and from now on, {g{z, ■)~^), z € Tl, always denotes that analytic 
continuation (cf. also (3.29)). 

Next, we will invoke the Baker-Akhiezer function ^(P, x, xq) and analyze the 
expression {g{z, ■)~^) in more detail. 

Theorem 3.8. Assume Hypothesis 3.4, let P = {z,y) G Il±, and x,xo G M. 

~ ~(2) 

Moreover, select a homology basis on Kin such that B = iUj^ , with 

C/q ^ the vector ofb-periods of the normalized differential of the second kind, Wp^,^ 
satisfies the constraint 

R = iui^^ G R" (3.28) 

{cf. Appendix B). Then, 
Re{{g{P, ■)-')) = -2lm{y{Fn{z, ■)-')) = 2Im(^ i}^? ,0 - ef ^(Qo)) . (3.29) 

Proof. Using (2.44), one obtains for z G He, 

1/2 



F^{z,x)^'^' 



^{P,x,Xo) = (;^^^) exp (^iyjyx'Fn{z,x')-'' 

^\x' [Fn{z,x')-^-{Fn{z,r')]) 



exp ly 



^F.a{z,XQ)^ 

X exp(i(x-xo)2/(F„(z,-)"^)), (3.30) 
P = {z, y) G n±, z G He, X, Xq G M. 

Since \_Fn{z,x')~^ — {Fn{z, ■)^^)] has mean zero. 



Pdx' [Fn{z,xT'-{Fniz, ■)-')] 
J xn 



= o{\x\), zeHc (3.31) 
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by Theorem 3.3 (vii). In addition, the factor Fn{z,x)/Fn{z,xo) in (3.30) is quasi- 
periodic and hence bounded on R. 
On the other hand, (2.63) yields 

(?(z(Poo,A(a;o)))e(2(P,A(x))) 



tp{P,X,XQ) 



0{z{Po.,Kx)mz{P,fL{x^))) 



X exp 



-i{x-xo)( f wg_,o-er(Qo) 
\ Qo 

P 



&{P, X, xo) exp 



(3.32) 



i{x-xo)(^J ujpl^Q- e'^^\Qo)^ 

Pe/C„\{{^oo}U{A,(.To)}^.i}. 

Taking into account (2.62), (2.64), (2.70), (A.30), and the fact that by (2.53) no 
fij{x) can reach P^c as x varies in M, one concludes that 

e{P,;Xo)GL°^{R;dx), P G /C„\{/i,(^o)}"=i. (3.33) 

A comparison of (3.30) and (3.32) then shows that the o(|a;|)-term in (3.31) must 
actually be bounded on M and hence the left-hand side of (3.31) is quasi-periodic. 
In addition, the term 

exp(|ii?2„+i(z)i/2^ dx' [Fn{z,x')-^ - (Fniz,-)-^)]^, z eUc, (3.34) 

is then quasi-periodic by Theorem 3.3 (xi). A further comparison of (3.30) and 
(3.32) then yields (3.29) for z G He- Analytic continuation with respect to z then 
yields (3.29) for z G 11. By continuity with respect to z, taking boundary values to 
either side of the cuts in the set C, this then extends to 2; G C (cf. (A. 3), (A. 4)) and 
hence proves (3.29) for P = {z,y) G )Cn\{Poo}- D 

4. Spectra of Schrodinger operators with quasi-periodic 

ALGEBRO-GEOMETRIC KdV POTENTIALS 

In this section we establish the connection between the algcbro-geometric formal- 
ism of Section 2 and the spectral theoretic description of Schrodinger operators H 
in L'^{M.-,dx) with quasi-periodic algebro-geometric KdV potentials. In particular, 
we introduce the conditional stability set of H and prove our principal result, the 
characterization of the spectrum of H. Finally, we provide a qualitative description 
of the spectrum of H in terms of analytic spectral arcs. 

Suppose that V G C°°(]R) n QP(R) satisfies the nth stationary KdV equation 
(2.10) on M. The corresponding Schrodinger operator H in L^(M; dx) is then intro- 
duced by 

H = + V, dom{H) = H^'\R). (4.1) 

Thus, if is a densely defined closed operator in L'^{R;dx) (it is self-adjoint if and 
only if V is real- valued) . 

Before we turn to the spectrum of H in the general non-self-adjoint case, we 
briefly mention the following result on the spectrum of H in the self-adjoint case 
with a quasi-periodic (or almost periodic) real-valued potential q. We denote by 
<j{A), ae{A), and ad{A) the spectrum, essential spectrum, and discrete spectrum 
of a self-adjoint operator ^ in a complex Hilbert space, respectively. 
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Theorem 4.1 (See, e.g., [58]). Let V G QP{M.) and q be real-valued. Define the 
self-adjoint Schrddinger operator H in L'^{M.;dx) as in (4.1). Then, 

a{H) = a^H) C [mm{V{x)), oo), aaiH) = 0. (4.2) 

Moreover, a{H) contains no isolated points, that is, <t{H) is a perfect set. 

In the special periodic case where V G CP(M) is real-valued, the spectrum of H 

is purely absolutely continuous and cither a finite union of some compact intervals 
and a half-line or an infinite union of compact intervals (see, e.g., [19, Sect. 5.3], 
[54, Sect. XIII.16]). If F G CP{R) and V is complex- valued, then the spectrum of 
H is purely continuous and it consists of cither a finite union of simple analytic arcs 
and one simple semi-infinite analytic arc tending to infinity or an infinite union of 
simple analytic arcs (cf. [55], [57], and [60])^. 

Remark 4.2. Here u C C is called an arc if there exists a parameterization 7 G 

C([0, 1]) such that a = {7(t) 1 1 G [0, 1]}. The arc a is called simple if there exists a 
parameterization 7 such that 7 : [0, 1] — > C is injective. The arc a is called analytic 
if there is a parameterization 7 that is analytic at each t G [0, 1]. Finally, CToo is 
called a semi-infinite arc if there exists a parameterization 7 G C'{[0, oc)) such that 
Ccxo = {'y{t)\t G [0,00)} and (Too is an unbounded subset of C. Analytic semi- 
infinite arcs are defined analogously and by a simple semi-infinite arc we mean one 
that is without self- intersection (i.e., corresponds to a injective parameterization) 
with the additional restriction that the unbounded part of CToo consists of precisely 
one branch tending to infinity. 

Now we turn to the analyis of the generally non-self-adjoint operator H in (4.1). 
Assuming Hypothesis 3.4 we now introduce the set S C C by 

S= {AgC|Rc((5(A,.)-^)) =0}. (4.3) 

Below we will show that E plays the role of the conditional stability set of H, 
familiar from the spectral theory of one-dimensional periodic Schrodinger operators 
(cf. [19, Sect. 5.3], [55], [64], [65]). 

Lemma 4.3. Assume Hypothesis 3.4- Then S coincides with the conditional sta- 
bility set of H , that is, 

E = {A G C I there exists at least one bounded distributional solution 

^ V e L°°(R;da;) of Hil) = Ai/'.} (4.4) 

Proof. By (3.32) and (3.33), 



e{z{p,fi{x))) 

i>{P, x) = , , - , exp 
0[z{Poo,l^[x))) 



[ ^^2,o-er(Qo)) 
JQo J 

p = (^,t/)Gn±, 



(4.5) 



is a distributional solution of iJ^ = which is bounded on K if and only if the 
exponential function in (4.5) is bounded on M. By (3.29), the latter holds if and 
only if 

Re((5(^,-)-^)) =0. (4.6) 

□ 



^in either case the resolvent set is connected. 
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Remark 4.4. At first sight our a priori clioicc of cuts C for R2n+i{-Y^'^ , as de- 
scribed in Appendix A, might seem unnatural as they completely ignore the actual 
spectrum of H. However, the spectrum of H is not known from the outset, and 
in the case of complex- valued periodic potentials, spectral arcs of H may actually 
cross each other (cf. [28], [53], and Theorem 4.9 (iv)) which renders them unsuitable 
for cuts of R2n+l{-Y^'^- 

Before we state our first principal result on the spectrum of H , we find it con- 
venient to recall a number of basic definitions and well-known facts in connection 
with the spectral theory of non-self-adjoint operators (we refer to [20, Chs. I, III, 
IX], [31, Sects. 1, 21-23], [35, Sects. IV.5.6, V.3.2], and [54, p. 178-179] for more 
details). Let be a densely defined closed operator in a complex separable Hilbert 
space Ti.. Denote by B{H) the Banach space of all bounded linear operators on 
Ti and by ker(r) and ran(r) the kernel (null space) and range of a linear opera- 
tor T in H. The resolvent set, p{S), spectrum, cr(S'), point spectrum (the set of 
eigenvalues), (Jp{S), continuous spectrum, (Jc{S), residual spectrum, crr(iS'), field of 
regularity, 7r(S'), approximate point spectrum, (Tap('S'), two kinds of essential spec- 
tra, iJe(-S'), and ae('S'), the numerical range of S, Q{S), and the sets A (5) and A (5) 



are defined as follows: 

p{S) = {z€C\{S-zI)-^ ^BiH)}, (4.7) 

a{S) = C\p(5), (4.8) 

<7p(5) = {A e C I ker(5 - A/) ^ {0}}, (4.9) 
a^{S) = {A e C I kcr(5 - A7) = {0} and ran(S' - A/) is dense in H 

but not equal to 7Y}, (4-10) 
a,{S) = {A e C I kcr(5 - A/) = {0} and ran(5 - A/) is not dense in U}, (4.11) 
7r(S') = {z G C I there exists /cz > s.t. 11(5 — zl)u\\-}i > fc^ |lit|l7^ 

for all u e dom(5')}, (4.12) 

aap(5) = C\tt{S), (4.13) 

A(5) = {2; G C 1 dim(ker(S' - zl)) < 00 and ran(S' - zl) is closed}, (4.14) 

a,{S) = C\A(5), (4.15) 

A{S) = {z€C\ dim(ker(S' - zl)) < 00 or dim(ker(6'* - zl)) < 00}, (4.16) 

?e(5) =C\A(5), (4.17) 

e{S) = {(/, 5/) G C I / e dom(5), 11/11„ = 1}, (4.18) 

respectively. One then has 

a{S) = (Tp{S) U adS) U a^{S) (disjoint union) (4.19) 

= ap{S)[JadS)[Ja,{S), (4.20) 

adS) C ae(5)\(ap(5) U a^S)), (4.21) 

ar(5)=ap(5*)*\ap(5), (4.22) 
o'ap(5') = {A G C I there exists a sequence {/njraeN C dom(5) 

withll/„ll« = l, nGN, and lim 11(5 - A7)/„11t^ = 0}, (4.23) 

n— s-cso 

5e(5) C a-e(5) C £7ap(5) C £7(5) (all four sets are closed), (4.24) 
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p{S) C 7r(5) C A{S) C A(S) (all four sets are open), 



(4.25) 
(4.26) 
(4.27) 



5^e(5) C 9(5), 9(5) is convex, 
a,{S)=a,{S) i{S = S*. 

Here a* in the context of (4.22) denotes the complex conjugate of the set cr C C, 
that is, 

cr* = {A e C I A e cr}. (4.28) 

We note that there are several other versions of the concept of the essential spectrum 
in the non-self-adjoint context (cf. [20, Ch. IX]) but we will only use the two in 
(4.15) and in (4.17) in this paper. 

Finally, we recall the following result due to Talenti [59] and Tomaselli [63] 
(see also Chisholm and Everitt [13], Chisholm, Everitt, and Littlejohn [14], and 
Muckenhoupt [49]). 

Lemma 4.5. Let f e L'^(R;dx), U S L"^ {{-oo, R];dx), and V e L^([i?, oo); da;) 
for all R gR. Then the following assertions {i)-{iii) are equivalent: 
{i) There exists a finite constant C > such that 

dx U{x) dx'V{x')f{x') <C dx\f{x)\^. (4.29) 

Jw Jx Jm 

{ii) There exists a finite constant D > such that 



{Hi) 



dx 



sup 



V{x) 



dx' U{x')f{x') 



<D / dx\f{x)\' 



i^f Jx\U{x)\'^^(^j^ dx\V{x)\^^ 



< 00. 



(4.30) 



(4.31) 



We start with the following elementary result. 
Lemma 4.6. Let H he defined as in (4.1). Then, 

a,{H) = a,{H) CQ{H). 
Proof. Since H and H* are second-order ordinary differential operators on '. 

dim(ker(ff - zl)) < 2, dim(ker(i?* - zl)) < 2. 
Equations (4.14)-(4.17) and (4.26) then prove (4.32). 



(4.32) 

(4.33) 
□ 



Theorem 4.7. Assume Hypothesis 3.4- Then the point spectrum and residual 
spectrum of H are empty and hence the spectrum of H is purely continuous, 



ap{H) = a,{H) = 0, 

a{H) = a,{H) = a,{H) = a,^{H). 



(4.34) 
(4.35) 



Proof. First we prove the absence of the point spectrum of H. Suppose z G 
n\{5] U {/ij(a;o)}^=i}. Then ■ip{P,-,xo) and xl){P* ,-,X(j) are linearly independent 
distributional solutions of Hij) = zip which are unbounded at +00 or —00. This 
argument extends to all z G n\S by multiplying ip{P,-,xa) and ijj{P* , xa) with 
an appropriate function of z and xo (independent of x). It also extends to either 
side of the cut C\S by continuity with respect to z. On the other hand, since 



THE SPECTRUM OF QUASI-PERIODIC ALGEBRO-GEOMETRIC KDV POTENTIALS 21 

yik) g Loo(^^.^^-^ £qj. g^ii ^ g p^^^ g^j^y (^8 1 p lb ut ioH al solutioii -(/-(z, •) e L^j-j^.^^,) 
ifV = zip, 2; S C, is necessarily bounded. In fact, 

ip^''\z, •) e L°°(M; da;) n ^^(M; da;), k e No, (4.36) 

applying ip"{z, x) = {V{x) — z)iIj{z, x) and (2.55) with p = 2 and p = oo repeatedly. 

(Indeed, ip{z,-) £ L'^{M.;dx) implies tjj"(z,-) S L^(M;(i.x) which in turn implies 
ip'{z,-) G L2(]R;c;a;). Integrating (-0^)' = 2V'i/'' then yields ip{z,-) G L°°{R;dx). 
The latter yields ip"{z, •) e L°°(M; dx), etc.) Thus, 

{C\S}nap(iJ) = 0. (4.37) 

Hence, it remains to rule out eigenvalues located in E. We consider a fixed A € S 
and note that by (2.45), there exists at least one distributional solution iJji{X, •) € 
I/°°(M; da;) of Hip = \ip. Actually, a comparison of (2.44) and (4.3) shows that we 
may choose ipi{\,-) such that \ipi{\,-)\ e QP(R) and hence ipx{\,-) ^ L^(R;da:). 
As in (4.36) one then infers from repeated use of ip"{X) = {V — X)ip{X) and (2.55) 
with p = 00 that 

ip[''\\,-) e L°^{K.;dx), fee No. (4.38) 

Next, suppose there exists a second distributional solution ip2{X,-) of Hip = \ip 
which is linearly independent of ip\{\,-) and which satisfies ip2{\-) € L^(R;da;). 
Applying (4.36) then yields 

V'f ^(A, •) e L'^{R;dx), k € Nq. (4.39) 

Combining (4.38) and (4.39), one concludes that the Wronskian of ipi{X,-) and 
V'2(A, •) lies in L'^{R;dx), 

W{iP,{X,-),ip2{>^,-)) G L^{R;dx). (4.40) 

However, by hypothesis, W{ipi{X, ■),ip2{X, ■)) = c(A) 7^ is a nonzero constant. 
This contradiction proves that 

S n ap{H) = (4.41) 

and hence (Jp{H) = 0. 

Next, we note that the same argument yields that H* also has no point spectrum, 



ap(F*) = 0. (4.42) 

Indeed, if F G C°°(R) n(5P(]R) satisfies the nth stationary KdV equation (2.10) on 
M, then V also satisfies one of the nth stationary KdV equations (2.10) associated 
with a hyperelliptic curve of genus n with {i^m}m=o I'eplaced by {Eyn}'^=Q, etc. 
Since by general principles (cf. (4.28)), 

a,{B) C ap(B*)* (4.43) 

for any densely defined closed linear operator B in some complex separable Hilbert 
space (see, e.g., [32, p. 71]), one obtains <Ti{H) = and hence (4.34). This proves 
that the spectrum of H is purely continuous, a{H) = ac{H). The remaining 
equalities in (4.35) then follow from (4.21) and (4.24). □ 



The following result is a fundamental one: 
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Theorem 4.8. Assume Hypothesis 3.4- Then the spectrum of H coincides with S 
and hence equals the conditional stability set of H, 

a{H) = {A e C I Re((5(A, •)-')) = 0} (4.44) 

= {A G C I there exists at least one hounded distributional solution 

^ V G i'~(K; dx) of ffV = AV'}- (4.45) 

In particular, 

{i?m}L=o C a{H), (4.46) 
and <t{H) contains no isolated points. 

Proof. First we will prove that 

a{H) C E (4.47) 
by adapting a method due to Chisholm and Everitt [13]. For this purpose we 
temporarily choose z € n\{E U {tJ'j{xo)}^^i} and construct the resolvent of H as 
follows. Introducing the two branches il>±{P, x, xq) of the Baker-Akhiezer function 

'ijj{P,x,Xo) by 

■4)±{P,x,xo) =^{P,x,xo), P = {z,y) eU±, x,xo gR, (4.48) 

we define 

i>+{z,x,xo) = i'^^^^''^''^°^ ifV+(^,-,a:o) Gi'((a:o,oo);dx), ^^^^^^ 
tp-{z,x,xo) ii tp-{z,-,xo) & L'^{{xo,ooy,dx), 

ip-{z,x,xo) if tp-{z,-,xo) G L'^{{-oo,xoy,dx), 
J}+{z, X, xo) if tp+{z, •, xo) e L^((-oo, xo); dx), 

z e n\I], x,xq G M, 

and 

^ ^/-j ^ 3^ I V'-(z,a:',a;o)V'+(z,a;,a;o), x > x' , 

W{'tl)+{z,x,xo),'ip-iz,x,xo))\'4'-{z,x,Xo)->p+iz,x',Xo), x<x', 

z G n\E, x,xo G M. (4.51) 

Due to the homogeneous nature of G, (4.51) extends to all 2; G 11. Moreover, we 
extend (4.49)-(4.51) to either side of the cut C except at possible points in E (i.e., 
to C\E) by continuity with respect to z, taking limits to C\S. Next, we introduce 
the operator R{z) in (R; da;) defined by 

{R{z)f){x) = [ dx'G{z,x,x')f{x'), f G Co°°(K), z e H, (4.52) 



and extend it to z G C\E, as discussed in connection with G{-,x,x'). The explicit 
form of 'ijj±{z,x,xo), inferred from (3.32) by restricting P to II-i-, then yields the 
estimates 

|V)±(2,a;,a;o)| < C±(z,a;o)e=F''W=^, z G n\E, x G M (4.53) 
for some constants C±{z,Xo) > 0, k{z) > 0, z G n\E. An application of Lemma 
4.5 identifying U{x) = exp(— k(z)x) and V{x) = exp(K(z)x) then proves that R{z), 
z G C\E, extends from C|^(R) to a bounded linear operator defined on all of 
L'^{R;dx). (Alternatively, one can follow the second part of the proof of Theorem 
5.3.2 in [19] line by line.) A straightforward differentiation then proves 

{H - zI)R{z)f = f, / G l2(K; dx), z G C\S (4.54) 
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and hence also 

Riz)iH - zl)g = g, ge dom(iJ), z G C\S. (4.55) 

Thus, R{z) = {H- ziy^, z e C\S, and hence (4.47) holds. 
Next we will prove that 

a{H) D E. (4.56) 

We will adapt a strategy of proof applied by Eastham in the case of (real-valued) 
periodic potentials [18] (reproduced in the proof of Theorem 5.3.2 of [19]) to the 
(complex- valued) quasi-periodic case at hand. Suppose A e E. By the characteriza- 
tion (4.4) of E, there exists a bounded distributional solution t{j{X, •) of Hip = Xtjj. 
A comparison with the Baker-Akhiezer function (2.44) then shows that we can 
assume, without loss of generality, that 

|V'(A, 01 e QP(M). (4.57) 

Moreover, by the same argument as in the proof of Theorem 4.7 (cf. (4.38)), one 
obtains 

ij'^'^HX,-) € L°°iR;dx), fee No. (4.58) 
Next, we pick > and consider g £ C°°([0, fi]) satisfying 

g{0) = 0, gm = l, 

g\0) = g"iO) = g\n) = g'\n) = 0, (4.59) 
0<9{x)<l, xe[Q,n]. 
Moreover, we introduce the sequence {/injneN € L'^{R;dx) by 

'l, |a;|<(n-l)0, 
h„{x) = i g{nfl - \x\), {n - 1)0 < |a;| < nfl, (4.60) 
0, \x\ > nfl 

and the sequence {./'n(A)}„gN S L^(M;dx) by 

/„(A, x) = dn{X)tp{X, x)h„{x), X&R, dniX) > 0, n G N. (4.61) 
Here dn{X) is determined by the requirement 

||/n(A)||2 = l, n€N. (4.62) 

One readily verifies that 

fn{X, •) e dom(7J) = if2'2(R), n e N. (4.63) 
Next, we note that as a consequence of Theorem 3.3 (ix), 

r dxm,x)\\= 2<|^(A,.)|^>r + o(r) (4.64) 

J j, T->oo 

with 

(WA,-)O>0. (4.65) 

Thus, one computes 

1= ll/n(A)||^ =(i„(A)2 / dx\^lj{X,x)fhn{xf 

= dn{Xf f dx |V(A, X)\''hn{xf > dniXf [ dx |V(A, x)^ 

J\x\<nn J|a;|<(ra-l)n 

> dniXf [(|V(A, •)!')(« - 1)0 + o{n)] . (4.66) 
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|2 / ///_m2 



dx\g"ix)\' 



Consequently, 

dniX) = 0(n-'/^). (4.67) 

n—^oo 

Next, one computes 

{H-XI)fn{X,x) = -d„(A)[2^'(A,x)/i;(x) +^(A,x)K(x)] (4.68) 

and hence 

\\{H-XI)U2<d^{X)m'{X)Kh + mX)Kh], neN. (4.69) 
Using (4.58) and (4.60) one estimates 

W{X)h'S2 = I dxW{\x)\^K{x)\^ <2U'{X)\\l, rdx\g'{x)\^ 

J (n-l)n<\x\<nn Jo 

<2f2||/(A)f^||5'||ioo([o,o];d.), (4.70) 

and similarly, 

mxKWl = / dx\^p{x,x)\'K{x)\' < 2mx)\\t 

J {n-l)n<\x\<nQ 

<2f2||V(A)f^||ff"||ioo([o,n];d.)- (4.71) 
Thus, combining (4.67) and (4.69)-(4.71) one infers 

lim ||(if-A7)/„||2=0, (4.72) 

n— s-oo 

and hence A e a^p{H) = a{H) by (4.23) and (4.35). 

Relation (4.46) is clear from (4.4) and the fact that by (2.45) there exists a 
distributional solution ip {{Em, 0),-,xo) S L°°{R;dx) of Hip = Emtp for all m = 
0, ...,2n. 

Finally, (t{H) contains no isolated points since those would necessarily be es- 
sential singularities of the resolvent of H, as H has no eigenvalues by (4.34) (cf. 
[35, Sect. III.6.5]). An explicit investigation of the Green's function of H reveals 
at most a square root singularity at the points {£'to}^_o and hence excludes the 
possibility of an essential singularity of {H — zl)~^. □ 

In the special sclf-adjoint case where V is real-valued, the result (4.44) is equiva- 
lent to the vanishing of the Lyapunov exponent of H which characterizes the (purely 
absolutely continous) spectrum of as discussed by Kotani [36], [37], [38], [39] (see 
also [12, p. 372]). In the case where V is periodic and complex- valued, this has also 
been studied by Kotani [39]. 

The explicit formula for S in (4.3) permits a qualitative description of the spec- 
trum of H as follows. We recall (3.22) and write 



-(,(., .)-) = -2(,(., .)) = -7-^?^^^-^, ^ e n, (4.73) 



for some constants 

{X,}U C C. (4.74) 
As in similar situations before, (4.73) extends to either side of the cuts in C by 
continuity with respect to z. 



THE SPECTRUM OF QUASI-PERIODIC ALGEBRO-GEOMETRIC KDV POTENTIALS 25 



Theorem 4.9. Assume Hypothesis 3.4- Then the spectrum a{H) of H has the 
following properties: 

(i) cr[H) is contained in the semi-strip 

a{H) c{zeC\ Im{z) € [Mi,M2], Re{z) > M3}, (4.75) 

where 

Ml = inf [Im(F(x))], M2 = sup[Im(l/(a;))], M3 = ini[Re{V{x))]. (4.76) 
xeK xeK xeM 

(ii) o'{H) consists of finitely many simple analytic arcs and one simple semi-infinite 
arc. These analytic arcs may only end at the points Ai, . . . , A„, Eq, . . . , i?2n> d'^d at 
infinity. The semi-infinite arc, aoo, asymptotically approaches the half-line Liy^ = 
{z G C I z = (V) -\- X, X > Qi\ in the following sense: asymptotically, can he 

parameterized by 

CToo = {2 e C| z = R + ilm{{V))+0{R-^''^) asR] 00}. (4.77) 

{Hi) Each Em, m = Q, . . . , 2n, is met by at least one of these arcs. More precisely, 
a particular E^a is hit by precisely 2No + 1 analytic arcs, where Nq g {0, . . . , n} 
denotes the number of Xj that coincide with Em^ ■ Adjacent arcs meet at an angle 
27r/(2iVo + 1) at Emo- {Thus, generically, Nq = and precisely one arc hits Emo-) 
{iv) Crossings of spectral arcs are permitted. This phenomenon and takes place 
precisely when for a particular jo € {1, ... , n}, Xj^ G cr(il) such that 

Re((5(A,o, •)"')) = for some jo e {1, . . . , n} with Xj, ^ {Em}m=o- (4-78) 

In this case 2Mq + 2 analytic arcs are converging toward Xjg, where Mq € {1, . . . ,n} 
denotes the number of Xj that coincide with Xj„ . Adjacent arcs m,eet at an angle 
7r/(Mo + l) at Xjg. {Thus, generically, Mq = 1 and two arcs cross at a right angle.) 
{v) The resolvent set C\a{H) of H is path-connected. 

Proof. Item {i) follows from (4.32) and (4.35) by noting that 

(/, Hf) = \\fT + if, MV)f) + i{f, Im(y)/), / e H''\R). (4.79) 
To prove {ii) we first introduce the meromorphic differential of the second kind 

(4.80) 

(cf. (4.74)). Then, by Lemma 3.6, 

fP 

{g{P,.)-') = -2 n^^^ +{g{Qo, ■)-'), P e /C„\{Poo} (4.81) 

for some fixed Qo G l^n\{Poo}, is holomorphic on /C„\{Poo}- By (4.73), (4.74), the 
characterization (4.44) of the spectrum, 

a{H) = {A e C I Re((.9(A, ■)-')) = O}, (4.82) 

and the fact that Re{^(g{z, 0"^)) is a harmonic function on the cut plane II, the 
spectrum a{H) of H consists of analytic arcs which may only end at the points 
Ai, . . . , A„, Eq, . . . , E2n, and possibly tend to infinity. (Since a{H) is independent 
of the chosen set of cuts, if a spectral arc crosses or runs along a part of one of the 
cuts in C, one can slightly deform the original set of cuts to extend an analytic arc 
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along or across such an original cut.) To study the behavior of spectral arcs near 
infinity we first note that 



1^ =^ ^ + j^y^A + (4.83) 
combining (2.4), (2.12), (2.16), and (3.14). Thus, one computes 

g{z,xr\= -2iz'/' + 4HVix) + 0{\z\-'/') (4.84) 

|z|— »cx> Z ' 

and hence 

(giz, .)-') , = -2i^'/' + 4l W + 0{\z\-'^'). (4.85) 
Writing z = i?e*'^ this yields 

= Re((5(z, •)-')) = 2Im{i?i/2gW2_2-ii?-i/2e-W2^y^^O(i?-3/2)} 

(4.86) 

implying 

if ^= Im((y))i?-i+0(ii-3/2) (4.87) 

and hence (4.77). In particular, there is precisely one analytic semi-infinite arc 
that tends to infinity and asymptotically approaches the half-line L(^v) ■ This proves 
item [ii). 

To prove [iii) one first recalls that by Theorem 4.8 the spectrum of H contains 
no isolated points. On the other hand, since {Em}'^=Q C (y{H) by (4.46), one 
concludes that at least one spectral arc meets each Em, m = 0, . . . , 2n. Choosing 
Qq = [Emoi^) in (4.81) one obtains 

{g{z, ■)-') = -2 r dz' {g{z', ■)) + {g{Em,,-)-^) 

= -if rf^'(0'-£;„J^°-(V2)[c + O(^'-E„J] + (5(i;„„,.)-O (4.88) 
= -i[No + {l/2)]-\z - i;„J^«+(V2)[C + 0(^ - Em„)] + {g{Em„,-)-'), 

z^n 

for some C = |C|e^'^° £ C\{0}. Using 

Re((5(S„, •)"')) =0, m = 0,...,2n, (4.89) 
as a consequence of (4.46), Re((5(z, 0^^)) = and z = i?„i„ + pe"^ imply 

= sin[(Aro + (1/2))^ + ^o]p''°+^^'^\\C\ + 0{p)]. (4.90) 
pfo 

This proves the assertions made in item {Hi). 

To prove {iv) it suffices to refer to (4.73) and to note that locally, d(^g(z, ■)^^^ /dz 

behaves like Co{z — Xj^)'^^° for some Co G C\{0} in a sufficiently small neighborhood 

of Ajo- 
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Finally we will show that all arcs are simple (i.e., do not self- intersect each other). 
Assume that the spectrum of H contains a simple closed loop 7, 7 C o-{H). Then 

Re{{g{P, ■)-')) =0, Per, (4.91) 

where the closed simple curve F C /C„ denotes the lift of 7 to /C„, yields the 
contradiction 

Re{{g{P, ■)'^)) = for all P in the interior of F (4.92) 

by Corollary 8.2.5 in [5]. Therefore, since there are no closed loops in a{H) and 
precisely one semi-infinite arc tends to infinity, the resolvent set of H is connected 
and hence path-connected, proving (v). □ 

Remark 4.10. For simplicity we focused on i^(M; da;)-spectra thus far. However, 

since V G L°°(M.-,dx), H in L^(R;(ia;) is the generator of a Co-semigroup T{t) 
in L^(M;da;), t > 0, whose integral kernel T{t,x,x') satisfies the Gaussian upper 
bound (cf., e.g., [4]) 

|T(i,a;,a;')| < Cii-i/2gC.(g-C3|x-xr/t^ t>0^x,x'eR (4.93) 

for some Ci > 0, C2 > 0, C3 > 0. Thus, T{t) in L'^{R; dx) defines, for p € [1, 00), 
consistent Co-semigroups Tp{t) in LP{R;dx) with generators denoted by Hp (i.e., 
H = H2.. T{t) = T2(t), etc.). Applying Theorem 1.1 of Kunstman [40] one then 
infers the p-independence of the spectrum, 

a{Hp) = a{H), pG[l,oo). (4.94) 

Actually, since C\(t{H) is connected by Theorem 4.9 (v), (4.94) also follows from 
Theorem 4.2 of Arendt [3]. 

Of course, these results apply to the special case of algebro-gcomctric complex- 
valued periodic potentials (see [9], [10], [64], [65]) and we briefly point out the 
corresponding connections between the algebro-geometric approach and standard 
Floquct theory in Appendix C. But even in this special case, items (iii) and (iv) 
of Theorem 4.9 provide additional new details on the nature of the spectrum of H. 
We briefly illustrate the results of this section in Example C.l of Appendix C. 

The methods of this paper extend to the case of algebro-geometric non-self- 
adjoint second order finite difference (Jacobi) operators associated with the Toda 
lattice hierarchy and to the case of Dirac-type operators related to the focusing 
nonlinear Schrodinger hierarchy. Moreover, they extend to the infinite genus limit 
n — » 00 using the approach in [25]. This will be studied elsewhere. 

Appendix A. Hyperelliptic curves and their theta functions 

We provide a brief summary of some of the fundamental notations needed from 
the theory of hyperelliptic Riemann surfaces. More details can be found in some 
of the standard textbooks [21] and [50], as well as in monographs dedicated to 
integrable systems such as [7, Ch. 2], [26, App. A, B]. In particular, the following 
material is taken from [26, App. A, Bj. 



28 



V. BATCHENKO AND F. GESZTESY 



Fix n GN. We intend to describe the hyperelliptic Riemann surface /C„ of genus 
n of the KdV-type curve (2.24), associated with the polynomial 

^n{z, y) = y^ - R2n+l{z) = 0, 

R2n+l{z) = n - ^'»)' {^'»}m=0 C C. 
m=0 

To simplify the discussion we will assume that the affine part of /C„ is nonsingular, 
that is, we suppose that 

Em Em' for m ^ m' , m,m' = 0, . . . ,2n (A. 2) 

throughout this appendix. Introducing an appropriate set of (nonintersecting) cuts 
Cj joining Em{j) and Em'{j), j = 1, ■ . ■ ,n, and C„+i, joining E2n and oo, we denote 

n+l 

C=\JCj, C,nCfc = 0, j^k. (A.3) 
j=l 

Define the cut plane 11 by 

n = C\C, (A.4) 
and introduce the holomorphic function 

/ 2n \ 1/2 

i?2„+i(-)'/' : n ^ C, (Uiz-Em)) (A.5) 

^ m=0 ' 

on n with an appropriate choice of the square root branch in (A.5). Define 

= {{z, aR2n+x{zfl'') I ^ e C, a e {1, -1}} U {Poo} (A.6) 

by extending i?2n+i(-)^/^ to C. The hyperelliptic curve /C„ is then the set M.^ with 
its natural complex structure obtained upon gluing the two sheets of M.^ crosswise 
along the cuts. The set of branch points B{ICn) of /C„ is given by 

e(/C„) = {(i?„, 0)^=0. (A.7) 
Points P G ICn\{Poo} are denoted by 

P = {z,aR2n+i{zf'^) = {z,y), (A.8) 
where y{P) denotes the meromorphic function on /C„ satisfying J^n{z,y) = y^ — 
R2n+i{z) = and 

y{P) .zA^-UT. + OiO) C"'"-' as P ^ Poo, (A.9) 

C^cj'/z'/', a' £{1,-1} 

(i.e., we abbreviate y{P) — aR2n+i{zy^'^)- Local coordinates near Pq = (zo,yo) G 
ICn\{B{ICn) U {Poo}} are given by Cpo = z - zo, near Poo by (p^^ = l/z'^^'^, and 

near branch points {Emo,^) G B{]Cn) by C(Emo.o) = (-^ ~ Emo)^^'^- The compact 
hyperelliptic Riemann surface /C„ resulting in this manner has topological genus n. 
Moreover, wo introduce the holomorphic sheet exchange map (involution) 

* : /C„ ^ /C„, P = {z, y)^P* = {z, -y), P^ ^ P^^ = P^ (A.IO) 

and the two meromorphic projection maps 

TT : /C„ — > C U {oo}, P = {z, y) i— > z, Poo I— >■ 00 
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and 

y: X;„ ^CU{oo}, P = {z,y) ^ y, P^o ^ oo. (A.12) 

The map fr has a pole of order 2 at Poo, and y has a pole of order 2n + 1 at Pqo- 
Moreover, 

n{P*)=niP), y{P*) = -y{P), P G /C„. (A.13) 

Thus K,n is a two-sheeted branched covering of the Riemann sphere CP^ (= CU{oo}) 
branched at the 2n + 2 points {{Em, 0)}^=o> -Poo- 
We introduce the upper and lower sheets n± by 

n± = {{z, ±R2n+i{zf^^) e A^„ I ^ G n} (a.m) 

and the associated charts 

C± : n± ^ n, P^z. (A.15) 

Next, let {aj,hj}^^i be a homology basis for /C„ with intersection matrix of the 
cycles satisfying 

ajobk=Sj^k, ajoak = 0, bjobk=0, j,k = l,...,n. (A.16) 

Associated with the homology basis wc also recall the canonical dis- 

section of JCn along its cycles yielding the simply connected interior /C„ of the 
fundamental polygon dfCn given by 

dlCn = aibia^^b^^a2b2a2^b^^ ■ ■ ■ a-^b-\ (A.17) 

Let M-{ICn) and A1^(/C„) denote the set of mcromorpliic fmictions (0- forms) and 
mcromorphic differentials (1-forms) on ICn, respectively. The residue of a meromor- 
phic differential v G Al^(/C„) at a point Q G /C„ is defined by 



resQ(;/) = ^^ u, (A.18) 



where is a counterclockwise oriented smooth simple closed contour encircling Q 
but no other pole of v. Holomorphic differentials are also called Abelian differentials 
of the first kind. Abelian differentials of the second kind cj*^^) G ^A^{IC„) are 
characterized by the property that all their residues vanish. They will usually be 
normalized by demanding that all their a-periods vanish, that is. 



/ 



(2)=0, j = l,...,n. (A.19) 



(2) ^ 

If LJp^ ^ differential of the second kind on /C„ whose only pole is Pi G /C„ with 
principal part ^ g j^gg^j. g^^^ _ ^ J^'^o dj^g{Pi)('^)d( near Pi, 

then 

Using the local chart near Poo , one verifies that dz /y is a holomorphic differential 
on K-n with zeros of order 2(n — 1) at Poo and hence 

Vj = ^ y^^ , j = l,...,n, (A.21) 
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form a basis for the space of hofomorphic differentials on /C„. Upon introduction 
of the invertible matrix C in C", 

^=(Q,fc),,fe=i,...,„' Q.fc^ / (A.22) 



c(fc) = (ci(fc),...,c„(fc)), c,(fc) = (C-i) j,fc=l,...,n, (A.23) 



the normalized differentials Uj for j = 1, . . . , n, 

ujj = '^Cj{£)r]e, / ujj = Sj^k, j,k = l,...,n, 

form a canonical basis for the space of holomorphic differentials on ICn ■ 
In the chart iUp^,(p^) induced by I/tt^/^ near Poo one infers, 



(A.24) 



= -2(c{n) + [ic(n) + c{n - 1) V' + 0(C")] dC as P ^ Poo, 

^ ^ m=0 ' ' 

C = a/z'/^ a G {1,-1}, 
where E_ — {Eq, . . . , i?2n) and we used (A. 9). Given (A. 25), one computes for the 

(2) (2) 

vector C/q of 6-pcriods of g/(27r«), the normalized differential of the second 
kind, holomorphic on /Cn\{Pcx3}, with principal part C~^rfC/(27r?'); 

C^(^) = «),... ugj = ^J'^JZfi = -'2cj{n),j = l,...,n. (A.26) 
Next, define the matrix r = {tj/)^ by 

= <^e^ j, ^ = 1, • • • , (A.27) 



Then 

Im(T) > 0, and Tj,£ = Tgj, j,£= 1, . . . ,n. (A. 28) 
Associated with r one introduces the period lattice 

in = {z G C" I z = m + nT, m,n G Z"} (A.29) 
and the Riemann theta function associated with /C„ and the given homology basis 

{aj, &j}j=l,...,n) 

0{z) = ^ exp (27ri(n, z) + m{n, rvr)) , ^ G C", (A.30) 



ri6Z 



where {u,v) — uvj = WjUj denotes the scalar product in C". It has the 

fundamental properties 

0{zi,...,Zj-i,-Zj,Zj+i,...,Zn) = 9{z), (A.31) 

^(^ + m + nr) = exp ( - 27ri(n,z) - 7ri(n,nr))^(^), m,nGZ"'. (A.32) 
Next we briefly study some consequences of a change of homology basis. Let 

{ai,...,an,bi,...,bn} (A.33) 
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be a canonical homology basis on JCn with intersection matrix satisfying (A. 16) and 
let 

{a;,...,a;,6;,...,6'J (A.34) 
be a homology basis on related to each other by 

= xK\, (A.35) 



where 

a" 

/T 



(ai,...,a„)"^, = {hi, . . . ,h„y , 
a- = (a'l, . . . , a'j", 6'^ = • • • , h'J^, (A.36) 

with A, B, C, and D being n x n matrices with integer entries. Then (A.34) is also 
a canonical homology basis on /C„ with intersection matrix satisfying (A. 16) if and 
only if 

XGSp(n,Z), (A.38) 

where 



Sp(n,Z) = <^ X 



A B 
C D 



(A.39) 

denotes the symplectic modular group (here A, B, C,D in X are again n x n ma- 
trices with integer entries). If {coj}"^^ and arc the normalized bases of 
holomorphic differentials corresponding to the canonical homology bases (A. 33) and 
(A.34), with T and r' the associated b and ^'-periods of wi, . . . , a;„ and u![, . . . , w^, 
respectively, one computes 

u/ = ui{A + Bt)-\ t' = {C + Dt){A + Bt)-\ (A.40) 

where w = (wi, . . . , w„) and lu' = {uj[, . . . , uj'^). 

Fixing a base point Qo G /C„\{Foo}, one denotes by J(/C„) = C"/L„ the Jacobi 
variety of /C„, and defines the Abel map Aq^ by 

Aqo- ^ J{K^n), Aqo{P) = i / wi,..., / u}„) (mod L„), Pe/C„. 

\JQo JQo / 

(A.41) 

Similarly, we introduce 

aQ„ : Div(X;„) ^ J(X;„), 1? ^ aQ„(l?) = 1?(P)^q„(P), (A.42) 

where Div(/C„) denotes the set of divisors on /C„. Here V: K-n Z is called a 
divisor on /C„ if 'D{P) ^ for only finitely many P G /C„. (In the main body of 
this paper we will choose Qo to be one of the branch points, i.e., Qo G '8(/C„), and 
for simplicity we will always choose the same path of integration from Qo to P in 
all Abelian integrals.) For subsequent use in Remark A. 4 we also introduce 

Iq„:£„^C", (A.43) 

P^AQ^{P) = {AQ,,l{P),...,AQ,,r.{P)) = ( [ o'l,...,/ ^n) 
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and 

Sq„ : Div(£„) ^ C", aQ^iV) = ^ I?(P)Iq^(P). (A.44) 

In connection with divisors on /C„ we shall employ the following (additive) no- 
tation, 

'DqoQ=Vq„+Vq, Vq^Vq,+---+Vq^, (A.45) 
Q_ = {Qi, . . . , Qm} e Sym™ /C„, Qq e /C„, m e N, 
where for any Q G /C„, 

P,.^„^H., P„P«(P)={1 [:; = *^(^j_ (A.46) 

and Sym™ /C„ denotes the mth symmetric product of /C„. In particular, Sym™ /C„ 
can be identified with the set of nonnegative divisors < V £ Div(/C„) of degree 
m G N. 

For / G ^A{ICn)\{0} and w G A^^(/C„)\{0} the divisors of / and cu are denoted 
by (/) and (w), respectively. Two divisors V, £ £ Div(/C„) are called equivalent, 
denoted by 2? ~ f, if and only if V - £ = {f) for some / G 7W(/C„)\{0}. The 
divisor class [D] of D is then given by [D] = {£ £ Div(/C„) | £ ~ 1?}. We recall 
that 

deg((/)) = 0, deg((a;)) = 2{n - 1), / G A1(/C„)\{0}, u; G A^i(/C„)\{0}, (A.47) 

where the degree deg(I?) of V is given by deg(2?) = J2peK. ^i-^)- customary 
to call (/) (respectively, (w)) a principal (respectively, canonical) divisor. 
Introducing the complex linear spaces 

C{V) = {/ G M{ICn) I / = or (/) > V}, r{V) = dime C{V), (A.48) 

C^{V) = {w G A^^(/C„) I a; = or (w) > i{V) = dime £^(2?) (A.49) 

(with i(2?) the index of specialty of V), one infers that dcg(X'), r{V), and «(2?) only 
depend on the divisor class [V] of V. Moreover, we recall the following fundamental 
facts. 

Theorem A.l. Let V G Div(/C„), ui G A^^(A:„)\{0}. Then 

i{V) = r{V - [uj)), n G Nq. (A.50) 
The Riemann-Roch theorem reads 

r(-X») = deg(D) + i(D) - n + 1, n G Nq. (A.51) 
By Abel's theorem, V G Div(/C„), n G N, is principal if and only if 

deg(D) = and Oq^ (V) = 0. (A.52) 

Finally, assume n G N. Then Oq^ : Div(/C„) — »■ J(/C„) is surjective {Jacobi's 

inversion theorem). 

Theorem A.2. Let Vq G Sym" /C„, Q = {Qi, . . . , Then 

1 < i(PQ) = s (A.53) 

i/ and on/j/ if there are s pairs of the type {P, P*} C {Qi, . . . , Qn} {this includes, 
of course, branch points for which P = P*). Obviously, one has s < n/2. 



THE SPECTRUM OF QUASI-PERIODIC ALGEBRO-GEOMETRIC KDV POTENTIALS 33 



Next, denote by — (Sq^ i , • • • , ^Qo,„) the vector of Riemann constants, 

1 n p 

^Qo.j = + ^jd) - E / ^^(^) / ^j' j = l,...,n. (A.54) 

o_i •'at J Qa 



= 1 



Theorem A. 3. Let Q = {Qi, . . . ,Qn} G Syin"/C„ and assume Vq to he nonspe- 
cial, that is, i{T>Q) = 0. Then 

Oi^Qo - Aqo (P) + aQoiVo)) = if and only if P e {Qi, . . . ,Qn}- (A.55) 
Remark A. 4. In Section 2 we dealt with theta function expressions of the type 

where T)^ G Sym"/Cn, J = 1,2, are nonspecial positive divisors of degree c & 
C is a constant, and f2^^^ is a normalized differential of the second kind with a 
prescribed singularity at P^o- Even though wc agree to always choose identical 
paths of integration from Pq to P in all Abelian integrals (A.56), this is not sufficient 
to render ij) single- valued on /C„. To achieve single- valuedness one needs to replace 
Kn by its simply connected canonical dissection /C„ and then replace Aq^ and aq^ 
in (A.56) with Aq^ and Sq^ as introduced in (A. 43) and (A. 44). In particular, one 
regards aj,bj, j = l,...,n, as curves (being a part of 3/C„, cf. (A. 17)) and not 
as homology classes. Similarly, one then replaces Eq^ by Eq^ (replacing Aq^ by 
Aq^ in (A.54), etc.). Moreover, in connection with ip, one introduces the vector of 
6-periods U^'^^ of O^^) by 

u!'^ = iu['\...,Ui% Uf^ = ^,l^''\ i = l,...,n, (A.57) 

and then renders "0 single- valued on /C,i by requiring 

fiQoPi)-SQ„(^2) = cC/(2) (A.58) 

(as opposed to merely (I?! )—aQjj(X>2) = cC/^^^ (mod !/„)). Actually, by (A. 32), 

Sq„(^?i) - aQ^m - cU^^'^ G Z", (A.59) 

suffices to guarantee single- valuedness of V on /C„. Without the replacement of 
Aq^ and olq^^ by Aq^ and Sq^^ in (A.56) and without the assmnption (A.58) (or 
(A.59)), V is a multiplicative (multi-valued) function on /C„, and then most effec- 
tively discussed by introducing the notion of characters on /C„ (cf. [21, Sect. III. 9]). 
For simplicity, wc decided to avoid the latter possibility and throughout this paper 
will always tacitly assume (A.58) or (A.59). 

Appendix B. Restrictions on B = iU^^ 

The purpose of this appendix is to prove the result (2.70), S = iU^^ G M", for 
some choice of homology basis {oj, bj}^^^ on /C„ as recorded in Remark 2.8. 

To this end we first recall a few notions in connection with periodic meromorphic 
functions of p complex variables. 
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Definition B.l. Let p £ N and i^: ^ C U {00} be meromorphic (i.e., a ratio 
of two entire functions of p complex variables). Then, 

(i) u = {wi, . . . , Up) e CP\{0} is called a period of F if 

F{z + w)=F{z) (B.l) 

for all z_G C' for which F is analytic. The sot of all periods of F is denoted by Vf- 

(ii) F is called degenerate if it depends on less than p complex variables; otherwise, 
F is called nondegenerate. 

Theorem B.2. Let p G N, F: C*' ^ C U {00} be meromorphic, and Vf be the set 
of all periods of F. Then either 
{i) Vf has a finite limit point, 
or 

{ii) Vf has no finite limit point. 

In case {i), Vf contains infinitesimal periods {i.e., sequences of nonzero periods 
converging to zero). In addition, in case {i) each period is a limit point of periods 
and hence Vf is a perfect set. 

Moreover, F is degenerate if and only if F admits infinitesimal periods. In partic- 
ular, for nondegenerate functions F only alternative {ii) applies. 

Next, let e CP\{0}, g = 1, . . . , r for some r € N. Then w^, ... ,0;^ are called 
linearly independent over Z {resp. K) if 

viijli + 1" VrUlr = 0, Vq^TL (rcsp., Vq £ M), g = 1, . . . , r, 

implies v\ = ■ ■ ■ = Vr = ^. (B.2) 

Clearly, the maximal number of vectors in linearly independent over R equals 
2p. 

Theorem B.3. Let p e N. 

{i) If F : C.^ C U {cxd} is a nondegenerate m,erom.orphic function with periods 
(Jg € CP\{0}, q = 1, . . . ,r, r G N, linearly independent over Z, then u^, . . . , are 
also linearly independent over M. In particular, r < 2p. 

{ii) A nondegenerate entire function F: — > C cannot have more than p periods 
linearly independent over Z (or M). 

For p = 1, exp(2;), sm{z) are examples of entire functions with precisely one 
period. Any non-constant doubly periodic meromorphic function of one complex 
variable is elliptic (and hence has indeed poles). 

Definition B.4. Let p, r € N. A system of periods lj^ G Cp\{0}, g = 1, . . . , r of a 

nondegenerate meromorphic fimction _F: C CU {00}, linearly independent over 
Z, is called fundamental or a basis of periods for F if every period w of F is of the 
form 

w = ruiUi H h nirOir for some m, € Z, g = 1, . . . , r. (B-3) 

The representation of w in (B.3) is unique since by hypothesis w^, . . . ,0;^ are 
linearly independent over Z. In addition, Vf is countable in this case. (This rules 
out case (i) in Theorem B.2 since a perfect set is uncountable. Hence, one does not 
have to assume that F is nondegenerate in Definition B.4.) 
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This material is standard and can be found, for instance, in [47, Ch. 2]. 

Next, returning to the Riemann theta function 0(J in (A. 30), we introduce the 
vectors {e^}^^^, {tj}]^^ C C"\{0} by 

e^. = (0,..., 0,^,0,..., 0), r^=e^T, j = l,...,n. (B.4) 

j 

Then 

{e,}U (B.5) 

is a basis of periods for the entire (nondegenerate) function 0{i) : C" — > C. More- 
over, fixing k,k' G {1, . . . , n}, then 

{e,,r,}-=i (B.6) 

is a basis of periods for the meromorphic function d"^^^ , In {0{:_)) : C" — > C U {oo} 
(cf. (A.32) and [21, p. 91]). 

Next, let A e C", ^ = (Di,...,£>„) G R", Dj € R\{0}, j = l,...,n and 
consider 

fk,k' : M ^ C, fk,k' {x) = dl^^, In {0{A + z)) |^^^^ 

Here diag(i2) denotes the diagonal matrix 

diag(^) = {D,S,^,,)l.,^^. (B.8) 

Then the quasi-periods DJ^, j = 1, . . . ,n, of fk,k' are in a one-to-one correspon- 
dence with the periods of 

Ffe,fc,:C"^CU{oo}, Fk,k'{z) = dl,^,ln{eiA + zdiagiD)) (B.9) 

of the special type 

e^.(diag(^))"' = (0,...,0,D7\0,...,0). (B.IO) 

3 

Moreover, 

fk,k'{x) = Fk,k'{z)\^^(^^...^x), xeR. (B.ll) 

Theorem B.5. Suppose V in (2.65) (or (2.66)) to be quasi-periodic. Then there 

~ ~(2) ~(2) 

exists a homology basis {oj, &j}"=i on Kn such that the vector S = iU_Q with Uq 
the vector of h-periods of the corresponding normalized differential of the second 
kind, u!p^ Q, satisfies the constraint 

~ ~(2) 

B = iU^' gM."-. (B.12) 

Proof. By (A. 26), the vector of 6-periods U^^ associated with a given homology 
basis {aj,bj}j-^i on /C„ and the normalized differential of the 2nd kind, Wp^ q, is 
continuous with respect to Eq,. . . ,E2n- Hence, we may assume in the following 
that 

BjjiO,j = l,...,n, B={Bu...,Bn) (B.13) 
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by slightly altering Eq,. .. , E2n, if necessary. By comparison with the Its-Matveev 
formula (2.66), we may write 

V{x) = Ao - 2dl ]n{e{A + Bx)) 
Introducing the meromorphic (nondegenerate) function V: C" — > C U {oo} by 

n 

V{z) = Ao + 2 ^ ui^^U^^ldlz, In {0{A + ^diag(B))) , (B.15) 
j,fe=i 

one observes that 

na^) = VU)U(,,...,,). (B.16) 
In addition, V has a basis of periods 

{e,. ( diag(^)) -\ T,. ( diag(B)) - ' } (B.17) 

by (B.6), where 

e^.(diag(S))-' = (0,... ,0,571, 0,...,0), j = (b.18) 

i 

Z,(diag(B))"' = (r,-iBi-\...,T,-„B-i), j = l,...,n. (B.19) 

By hypothesis, V" in (B.14) is quasi-periodic and hence has n real (scalar) quasi- 
periods. The latter are not necessarily linearly independent over Q from the out- 
set, but by slightly changing the locations of branchpoints {-Em}m=o into, say. 
{Em]^=Q, one can assume they are. In particular, since the period vectors in (B.17) 
are linearly independent and the (scalar) quasi-periods of V are in a one-one cor- 
respondence with vector periods of V of the special form (B.18) (cf. (B.9), (B.IO)), 

~ ~(2) 

there exists a homology basis {aj,6j}"^]^ on /C„ such that the vector B_ = iUj^ 

— (2) 

corresponding to the normalized differential of the second kind, uj 'p q and this 

~2 

particular homology basis, is real-valued. By continuity of C/g with respect to 
Eq, E2m, this proves (B.12). □ 

Remeirk B.6. Given the existence of a homology basis with associated real vector 

~ ~(2) 

B_ = ilJ_Q , one can follow the proof of Theorem 10.3.1 in [42] and show that each 
/Uj, j = 1, . . . , n, is quasi-periodic with the same quasi-periods as V. 

Appendix C. Floquet theory and an explicit example 

In this appendix we discuss the special case of algebro-geometric complex- valued 
periodic potentials and we briefly point out the connections between the algebro- 
geometric approach and standard Floquet theory. We then conclude with the ex- 
plicit genus n = l example which illustrates both, the algebro-geometric as well as 
the periodic case. 

We start with the periodic case. Suppose V satisfies 

V e CP(R) and for all a; e R, V{x + n) = V{x) (C.l) 
for some period O > 0. In addition, we suppose that V satisfies Hypothesis 3.4. 
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Under these assumptions the Riemann surface associated with V, which by Flo- 
quet theoretic arguments, in general, would be a two-sheeted Riemann surface 
of infinite genus, can be reduced to the compact hyperelliptic Riemann surface 
corresponding to /C„ induced by = R2n+iiz)- Moreover, the corresponding 
Schrodinger operator H is then defined as in (4.1) and one introduces the fun- 
damental system of distributional solutions c{z,-,xo) and s{z,-,xo) of Hip = zip 
satisfying 

c{z,xo,xo) = Sx{z,xo,xo) = 1, (C.2) 
Cx{z,xo,xo) = s{z,xo,xo) =0, zgC (C.3) 

with G ]R a fixed reference point. For each x,xo G M, c{z,x,xo) and s{z,x,xo) 
are entire with respect to z. The monodromy matrix A4{z, xq) is then given by 

\Cx{z,Xo + il,Xo) S^(z,XQ + il,XQ)J 

and its eigenvalues p±{z), the Floquet multipliers (which are cco-independent), sat- 
isfy 

p+{z)p-{z) = 1 (C.5) 
since det{A4{z,xo)) = 1. The Floquet discriminant A(-) is then defined by 

A(2) = tx{M{z, xq))/2 = [c{z, xo + fl, xo) + s^{z, xq + fl, xo)]/2 (C.6) 
and one obtains 

p±(^) = A(z)±[A(z)2-l]i/2. (C.7) 

We also note that 

\p±{z)\ = 1 if and only if A(z) S [-1, 1]. (C.8) 

The Floquet solutions ip±{z,x,xo), the analog of the functions in (4.48), are then 
given by 

ip±{z,x,xo) = c{z,x,xo) + s{z,x,xo)[p±{z) - c{z,xo + Cl,xo)]s{z,xo + fl,Xo)~^, 

ZG'n\{fij{xo)}j=l,...,n (C.9) 

and one verifies (for x,xo € M), 

1p±{z,X + fl,Xo)=P±{z)lp±{z,X,Xo), Z €ll\{lJ,j{xo)}j=l,...,n, (C.IO) 

s(z, X + fl, x) 
s{z,xo + fi,.To)' 



ilj+{z,x,xo)ip-{z,x,xo) = -^jz-z. — 7~d~r\-> ^ ^ C\{/Uj(a;o)}j=i,...,„, (C.ll) 



2[A(z)2 - l]i/2 

W{iIj+{z,;Xo),iIJ-{z,;Xo)) = -p; r, Z S n\{p,j{xo)}j=l....,n, 

S[Z,Xo + ilyXo) 

(C.12) 

/ N s{z,x + n,x) iFn{z,x) /niQ\ 

Moreover, one computes 

dA(z) 1 '•"°+" 



-s{z,xq-\-Q.,xo)- I dxil)+{z,x,xo)il>-{z,x,xo) 
fi[A(^)2-l]V2(g(^,.)), (C.14) 
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and hence 

|^^^Tr^ = ^{i^[N^) + [^W'-i]'^']} = "(5(^'-)>> ^en. (C.15) 

Here the mean value (/) of a periodic function / e CP(]R) of period O > is simply 

given by 

(/) = -/ dxfix), (C.16) 

" JXQ 

independent of the choice of xq G K. Thus, applying (3.22) one obtains 
dz' [d^(z')/dz'] _^^( A(z) + [^{zf - 



[A(z')2 - l]i/2 Va(^o) + [A(zo)2 - 
= f dz' {g{z', •)> = -(0/2) [(5(^, O"^) - <5(2o, •)"')] , z,z^&li (C.17) 
and hence 

In [A(^) + [A(z)2 - l]i/2] = -{n/2){g{z, O"^) + C. (C.18) 

Letting |2;| — > oo one verifies that C = and thus 

In [A(z) + [A(z)2 - l]i/2] = -{n/2){g{z, O"^), z G H. (C.19) 

We note that by continuity with respect to z, equations (C.12), (CIS), (C.15), 
(C.17), and (C.19) all extend to either side of the set of cuts in C. Consequently, 

A(z) e [-1, 1] if and only if Re{{g{z, O"^)) = 0. (C.20) 

In particular, our characterization of the spectrum of H in (4.44) is thus equivalent 
to the standard Floquet theoretic characterization of H in terms of the Floquet 
discriminant, 

a(if) = {A £ C| A(A) e [-1,1]}. (C.21) 

The result (C.21) was originally proven in [55] and [57] for complex-valued periodic 
(not necessarily algebro-geometric) potentials (cf. also [60], and more recently, [61], 
[62]). 

Wc will end this appendix by providing an explicit example of the simple yet 

nontrivial genus n = 1 case which illustrates the periodic case as well as some of the 
general results of Sections 2 4 and Appendix B. For more general elliptic examples 
we refer to [29], [30] and the references therein. 

By p(-) ~ p(' I ^^1.5^3) wc denote the Weierstrass p-function with fundamental 
half-periods VL^, j = 1,3, Oi > 0, e C\{0}, Ira^ns) > 0, = Sli + n^, and 
invariants g2 and 53 (cf. [1, Ch. 18]). By ({■) = ^(- Ifiijfis) and ct(-) = a{- [fiijl^a) 
we denote the Weierstrass zeta and sigma functions, respectively. We also denote 
T = ^Is/rti and hence stress that Im(T) > 0. 

Example C.l. Consider the genus one (n = 1) Lame potential 

V{x) = 2p{x + ^3) (C.22) 



= -2i In 



1 X 

2 2^h 



"-2^^, xeR, (C.23) 
ill 



where 



e{z) = ^ exp {2'!rinz + mn^T) , ^ G C, r = ^^3/1^1, (C.24) 
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and introduce 

^= ";:^ + 2p(2; + ^3), P3 = -^+3p{x + n3)-^+'^p\x + Q3)- (C.25) 
Then one obtains 

mP3]=0 (C.26) 

which yields the elliptic curve 

/Ci : J^,{z, y) = y^- Rsiz) = y^- {z^ - {g2/A)z + (33/4)) = 0, 

2 

^3(2) = n - = - (52/4)2 + (53/4), (C.27) 

m=0 

Eo = -p(fii), Et = -p{^2), E2 = -pifla). 
Moreover, one has 

Fi{z,x) = z + p{x + n3), = -p(x + r!3), (C.28) 

H2{z, x)^z^- p{x + n3)z + p{x + r!3)2 - (32/4), (C.29) 

ue{x) = [p{x + n-i) - (-1)'[<?2 - 3p(x + ^3)']'/'] /2, e = 0,l 

and 

s-KdVi(F) 0, (C.30) 

s-KdV2(F) - (52/8) s-KdVo(y) = 0, etc. (C.31) 
In addition, we record 

a{x + Ct3)a{xo + Ct3±b) 
^±(z, X + 20i,aro) = p±{z)^±{z,x,xo), p±{z) = e±[(Vni)C(ni)-c(6)]2ni (c.33) 
with Floquet parameter corresponding to fii-dircction given by 

A:i(6) = i[c{b)ni - c{ni)b]/ni. (c.34) 

Here 

P = {z,y) = {-p{b),-{t/2)p\b)) 

P* = [z, -y) = (-p(6), {i/2)p'{b)) e n_, 

where b varies in the fundamental period parallelogram spanned by the vertices 0, 
2f2i, 2O2) and 2^3. One then computes 

A(z) = cosh[2(niC(&) - bC{ni))], (C.36) 

(/.i) = C(f^i)/f^i, (V^) - -2C(ni)M, (C.37) 

,iz,x) = -^-±I^pl, (C.38) 

{g{z, ■)-') = -mb) - (6/Oi)C(17i)], (C.40) 

where {z,y) = {—p{b),—{i/2)p'{b)) G 11+ . The spectrum of the operator H with 
potential V{x) = 2p{x + O3) is then determined as follows 

c7(if) = {AeC|A(A) e [-1,1]} (C.41) 



(C.35) 
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= {AGC|Re((ff(A,-)"')) =0} (C.42) 
= {A e C I Re[f2iC(6) - 6C(l^i)] = 0, A = -p{b)}. (C.43) 

Generically (cf. [61]), (t{H) consists of one simple analytic arc (connecting two 
of the three branch points E^, ni = 0, 1,2) and one simple semi-infinite analytic 
arc (connecting the remaining of the branch points and infinity). The semi- infinite 
arc fJoo asymptotically approaches the half-line L^y) = {z & C \ z = — 2(;(rii)/0i -h 
X, X >0} in the following sense: asymptotically, can be parameterized by 

aoo = {z€C\z = R-2i [Im(C(Oi))/fii] + 0(i?-^/^) as R t oo}. (C.44) 

We note that a slight change in the setup of Example C.l permits one to construct 
crossing spectral arcs as shown in [28]. One only needs to choose complex conjugate 

fundamental half-periods Qi ^ M., fl^ — fli with real period fl = 2(fii + O3) > 
and consider the potential V{x) = 2p{x + a [fii, O3), < lm(a) < 2|lm(f7i) |. 

Finally, wc briefly consider a change of homology basis and illustrate Theorem 
B.5. Let 17i > and Q.^ G C, Im(il3) > 0. We choose the homology basis {0,1,61} 
such that 61 encircles Eq and Ei counterclockwise on 11+ and ai starts near Ei, 
intersects 61 on n_|_, surrounds E2 clockwise and then continues on n_ back to its 
initial point surrounding Ei such that (A. 16) holds. Then, 

wi = ci(l) dz/y, ci(l) = (4if2i)-i, (C.45) 
/wi = l, /wi=r, T = fi3/0i, (C.46) 
~i2)^^J_z-^^ Ai = C(ni)M, (C.47) 

(C.48) 



Uo,i = ^ e zM, (C.49) 



r^pLo-^o\Qo) = l+0{b) 



^=^-r' + 0(C), (^ = a/z^'\a^{l,-l}, (C.50) 

eo'^Qo) = -iUbo)nx - C(^^i)6o]/^ii, (C.51) 

fw^^l - 4'^(Qo)l = [Cmh - C(6)0i]/f^i, (C.52) 

P= (^p(6),-(z/2)p'(6)), Qo = (-p(5o),-(j/2)p'(&o)). 



The change of homology basis (cf. (A. 33) (A. 39)) 

A,B,C,DgZ, AD-BC=1, (C.54) 



(C.53) 



then implies 



= ATB-r^ (C-55) 
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, _ _ C + £)r 
^ ~ f][ ~ A + Bt' 
n[ = AQi + Bfl3, ^3 = Cfli + Dfl3 



(C.56) 



(C.57) 




2ci(l) 
A + Bt 



iriB 



0,1' 



(C.58) 



(C.59) 




(C.60) 



Moreover, one infers 

'4)±{z,x + 2Vl[,xa) = p±{zy4>±{z, X, xq), 
P±{z)' = e±[(''A2;)(/lc(J2i)+i3C(a,))-C(6)]2iyi 

with Floquet parameter kx{b)' corresponding to fi'^-direction given by 



(C.61) 



k,{by = i c{b)n,-an,)b + —b /ft,. 



(C.62) 



1 J / 



Acknowledgments. F. G. is particularly indebted to Vladimir A. Marchenko 
for renewing his interest in the spectral theoretic questions addressed in this paper 

and for the discussions wc shared on this topic in .June of 2000 at the Department 
of Mathematical Sciences of the Norwegian University of Science and Technology 
in Trondheim, Norway. 

Wc thank Hclgc Holdcn and Kwang Shin for many discussions on topics related 
to this paper and Kwang Shin for a critical reading of our manuscript. Moreover, 
we are indebted to Norrie Everitt and Igor Verbitsky for pointing out the origin of 
Lemma 4.5 and to Jiirgen Voigt for pointing out references [3] and [40] to us. 



[1] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, Dover, New York, 



[2] P. E. Appell, Sur la transformation des equations differentielles lineaires, Comptes Rendus 
91, 211-214 (1880). 

[3] W. Arendt, Gaussian estimates and interpolation of the spectrum in LP , Diff. Integral Eqs. 

7, lir53-1168 (1994). 

[4] W. Arendt and A. V. M. tcr Elst, Gaussian estimates for second order elliptic operators with 

boundary conditions, J. Operator Th. 38, 87-130 (1997). 
[5] A. F. Beardon, A Primer on Riemann Surfaces, London Math. Soc. Lecture Notes, VoL 78, 

Cambridge University Press, Cambridge, 1986. 
[6] E. F. Beckenbach and R. Bellman, Inequalities, 4tli printing. Springer, Berlin, 1983. 
[7] E. D. Belokolos, A. I. Bobenko, V. Z. Enol'skii, A. R. Its, and V. B. Matveev, Algebro- 

Geometric Approach to Nonlinear Integrable Equations, Springer, Berlin, 1994. 
[8] A. S. Besicovitch, Almost Periodic Functions, Dover, New York, 1954. 

[9] B. Birnir, Complex Hill's equation and the complex periodic Korteweg-de Vries equations, 

Commun. Pure Appl. Math. 39, 1-49 (1986). 
[10] B. Birnir, Singularities of the complex Korteweg-de Vries flows, Commun. Pure Appl. Math. 

39, 283-305 (1986). 
[11] H. Bohr, Almost Periodic Functions, Chelsea, New York, 1947. 

[12] R. Carmona and J. Lacroix, Spectral Theory of Random Schrddinger Operators, Birkhauser, 
Boston, 1990. 



References 



1972. 



42 V. BATCHENKO AND F. GESZTESY 

[13] R. S. Chisholm and W. N. Evcritt, On bounded integral operators in the space of integrable- 
square functions, Proc. Roy. Soc. Edinburgh Sect. A 69, 199-204 (1970/71). 

[14] R. S. Chisholm, W. N. Evcritt, L. L. Littlcjohn, An integral operator inequality with appli- 
cations, J. Inequal. Appl. 3, 245-266 (1999). 

[15] C. Corduneanu, Almost Periodic Functions, 2nd cd., Chelsea, New York, 1989. 

[16] B. A. Dubrovin, Periodic problems for the Korteweg-de Vries equation in the class of finite- 
gap potentials, Punct. Anal. Appl. 9, 215-223 (1975). 

[17] B. A. Dubrovin, V. B. Matveev, and S. P. Novikov, Non-linear equations of Korteweg-de 
Vries type, finite-zone linear operators, and Abelian varieties, Russian Math. Surv. 31:1, 
59-146 (1976). 

[18] M. S. P. Eastham, Gaps in the essential spectrum associated with singular differential oper- 
ators. Quart. J. Math. 18, 155-168 (1967). 

[19] M. S. P. Eastham, The Spectral Theory of Periodic Differential Equations, Scottish Academic 
Press, Edinburgh and London, 1973. 

[20] D. E. Edmunds and W. D. Evans, Spectral Theory and Differential Operators, Clarendon 
Press, Oxford, 1989. 

[21] H. M. Farkas and I. Kra, Riemann Surfaces, 2nd ed.. Springer, New York, 1992. 
[22] A. M. Fink, Almost Periodic Differential Equations, Lecture Notes in Math. 377, Springer, 
Berlin, 1974. 

[23] H. Flaschka, On the inverse problem for Hill's operator, Arch. Rat. Mech. Anal. 59, 293-309 

(1975). 

[24] I. M. Gel'fand and L. A. Dikii, Asymptotic behaviour of the resolvent of Sturm- Liouville 
equations and the algebra of the Korteweg-de Vries equations, Russ. Math. Surv. 30:5, 77— 
113 (1975). 

[25] F. Gesztesy, Integrable systems in the infinite genus limit, Diff. Integral Eqs. 14, 671-700 
(2001). 

[26] F. Gesztesy and H. Holden, Soliton Equations and Their Algebro-Geometric Solutions. Vol. 
I: (1 + I) -Dimensional Continuous Models, Cambridge Studies in Advanced Mathematics, 
Vol. 79, Cambridge Univ. Press, 2003. 

[27] F. Gesztesy, R. Ratnaseelan, and G. Teschl. The KdV hierarchy and associated trace for- 
mulas, in Recent Developments in Operator Theory and Hs Applicaiion.s, 1. Goliberg, P. 
Lancaster, and P. N. Shivakumar, editors. Operator Theory: Advances and Applications, 
Vol. 87, Birkhiiuscr, Basel, 1996, pp. 125-163. 

[28] F. Gesztesy and R. Weikard, Floquet theory revisited, in Differential Equations and Mathe- 
matical Physics, I. Knowles (ed.). International Press, Boston, 1995, pp. 67-84. 

[29] F. Gesztesy and R. Weikard, Picard potentials and Hill's equation on a torus. Acta Math. 
176, 73-107 (1996). 

[30] F. Gesztesy and R. Weikard, Elliptic algebro-geometric solutions of the KdV and AKNS 
hierarchies - an analytic approach. Bull. Amer. Math. Soc. 35, 271-317 (1998). 

[31] I. M. Glazman, Direct Methods of Qualitative Spectral Analysis of Singular Differential Op- 
erators, Moscow, 1963. English Translation by Israel Program for Scientific Translations, 
1965. 

[32] S. Goldberg, Unbounded Linear Operators, Dover, New York, 1985. 

[33] A. R. Its and V. B. Matveev, Schrodinger operators with finite-gap spectrum and N-soliton 
solutions of the Korteweg-de Vries equation, Theoret. Math. Phys. 23, 343-355 (1975). 

[34] R. Johnson and J. Moser, The rotation number for almost periodic potentials, Commun. 
Math. Phys. 84, 403-438 (1982). 

[35] T. Kato, Perturbation Theory for Linear Operators, corr. printing of the 2nd cd.. Springer, 
Berlin, 1980. 

[36] S. Kotani, Ljapunov indices determine absolutely continuous spectra of stationary random 
one- dimensional Schrodinger operators, in Stochastic Analysis, K. Ito (ed.), North-Holland, 
Amsterdam, 1984, p. 225-247. 

[37] S. Kotani, On an inverse problem for random Schrodinger operators. Contemporary Math. 
41, 267-281 (1985). 

[38] S. Kotani, One- dimensional random Schrodinger operators and Herglotz functions, in Prob- 
abilistic Methods in Mathematical Physics, K. Ito and N. Ikeda (eds.), Academic Press, New 
York, 1987, p. 219-250. 



THE SPECTRUM OF QUASI-PERIODIC ALGEBRO-GEOMETRIC KDV POTENTIALS 43 



[39] S. Kotani, Generalized Floquet theory for stationary Schrddinger operators in one dimension, 

Chaos, Solitons & Fractals 8, 1817 1854 (1997). 
[40] P. C. Kuiistmann, Heat kernel estimates and spectral independence of elliptic operators, 

Bull. London Math. Soc. 31, .345-353 (1998). 
[41] P. D. Lax, Periodic solutions of the Korteweg-de Vries equation, Commun. Pure Appl. Math. 

28, 141-188. 

[42] B. M. Levitan, Inverse Sturm-Liouville Problems, VNU Science Press, Utrecht, 1987. 

[43] B. M. Levitan and V. V. Zhikov, Almost Periodic Functions and Differential Equations, 

Cambridge University Press, Cambridge, 1982. 
[44] V. A. Marchenko, A periodic Korteweg-de Vries problem, Sov. Math. Dokl. 15, 1052—1056 

(1974). 

[45] V. A. Marchenko, The periodic Korteweg-de Vries problem, Math. USSR Sbornik 24, 319- 
344 (1974). 

[46] V. A. Marchenko, Sturm-Liouville Operators and Applications, Birkhauser, Basel, 1986. 
[47] A. I. Markushevich, Introduction to the Classical Theory of Abelian Functions, Amer. Math. 
Soc, Providence, 1992. 

[48] H. P. McKean and P. van Moerbeke, The spectrum of Hill's equation, Invent. Math. 30, 
217-274 (1975). 

[49] B. Muckenhoupt, Hardy's inequality with weights, Studia Math. 44, 31—38 (1972). 
[50] D. Mumford, Tata Lectures on Theta II, Birkhauser, Boston, 1984. 

[51] S. P. Novikov, The periodic problem for the Korteweg-de Vries equation, Funct. Anal. Appl. 
8, 236-246 (1974). 

[52] S. Novikov, S. V. Mauakov. L. P. Pitacvskii, and V. E. Zakharov, Theory of Solitons, Con- 
sultants Bureau, New York, 1984. 

[53] L. A. Pastur and V. A. Tkachenko, Geometry of the spectrum of the one- dimensional 
Schrddinger equation with a periodic complex-valued potential, Math. Notes 50, 1045-1050 
(1991). 

[51] M. Reed and B. Simon, Methods of Modem Mathematical Physics. IV: Analysis of Operators, 
Academic Press, New York, 1978. 

[55] F. S. Rofe-Beketov, The spectrum of non- self adjoint differential operators with periodic co- 
efficients, Sov. Math. Dokl. 4, 1563-1566 (1963). 

[56] G. Scharf, Fastperiodische Potentiate, Helv. Phys. Acta, 38, 573-605 (1965). 

[57] M. I. Serov, Gertain properties of the spectrum of a non-selfadjoint differential operator of 
the second kind, Sov. Math. Dokl. 1, 190-192 (1960). 

[58] B. Simon, Almost periodic Schrddinger operators: A review. Adv. Appl. Math. 3, 463-490 
(1982). 

[59] G. Talenti, Osservazioni sopra una classe di disuguaglianze, Rend. Sem. Mat. Fis. Milano 
39, 171-185 (1969). 

[60] V. A. Tkachenko, Spectral analysis of the one- dimensional Schrddinger operator with a pe- 
riodic complex-valued potential, Sov. Math. Dokl. 5, 413-415 (1964). 

[61] V. A. Tkachenko, Discriminants and generic spectra of non-selfadjoint Hill's operators. Adv. 
Soviet Math. 19, 41-71 (1994). 

[62] V. Tkachenko, Spectra of non-selfadjoint Hill's operators and a class of Riemann surfaces, 
Ann. of Math. 143, 181-231 (1996). 

[63] C. Tomaselli, A class of inequalities, Boll. Un. Mat. Ital. 21, 622-631 (1969). 

[64] R. Weikard, Picard operators. Math. Nachr. 195, 251-266 (1998). 

[65] R. Weikard, On Hill's equation with a singular complex-valued potential, Proc. London Math. 
Soc. (3) 76, 603-633 (1998). 

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA 
E-mail address: batchenv9math.missouri.edu 

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA 

E-mail address: fritz@math.missouri.edu 

URL: http : //mr« . math .missour i . edu/people/f gesztesy . html 



